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Abstract

Path-basedtechniquesmake the analysis of very large
Markov modelsfeasibleby trading off high computational
complexity for low spacecomplexity. Often,a drawback in
thesetechniquesis that they haveto evaluatemanypathsin
order to computereasonablytight boundson theexactsolu-
tionsof themodels.In this paper, wepresenta pathcompo-
sition algorithmto speedup pathevaluationsigni�cantly. It
worksby quickly composingsubpathsthat are precomputed
locally at the componentlevel. The algorithm is computa-
tionally ef�cient sinceindividual subpathsare precomputed
only once, andtheresultsare reusedmanytimesin thecom-
putation of all composedpaths. To the bestof our knowl-
edge, this work is the �r st to proposethe idea of path com-
positionfor the analysisof Markov models.A practical im-
plementationof thealgorithmmakesit feasibleto solveeven
largermodels,sinceit helpsnotonlyin evaluatingmorepaths
faster but also in computinglong pathsef�ciently by com-
posingthemfrom short ones. In addition to presentingthe
algorithm, we demonstrate its application and evaluate its
performancein computingthereliability andavailability of a
largedistributedinformationservicesystemin thepresenceof
fault propagationandin computingtheprobabilitiesof buffer
over�ow andbuffer �ushing in a mediamulticastsystemwith
varyingsystemcon�gurations.

1. Intr oduction

Due to ever-increasingsizeandcomplexity in systemde-
signs, model-basedevaluation has becomea cost-effective
way to study alternative designsbefore the actual systems
are built. Model-basedevaluationcan be usedto estimate
the reliability, availability, or performabilityof the systems,
for instance.Oftenmodelsareusedthatcanbemappedonto
continuous-timeMarkov chains(CTMCs) for solution. It is
well-knownthatasmodelsgrow, thesizesof theirstatespaces
grow at an exponentialrate. That growth rate can quickly
overwhelmthe storagecapacityof moderncomputingsys-
tems. Thus, new techniquesthat are effective at managing
storagecomplexity are neededfor analyzinglarge Markov

models.
Whentransientresultsarerequired,severalanalysismeth-

ods are available. They can be roughly classi�ed as either
state-basedor non-state-basedandaseitherapproximateor
exact.Modernstate-basedtechniques,suchas[4, 1, 5, 7], are
very effective in representingthestatespacesandthecorre-
spondingtransitionmatricescompactly, but they arelimited
by the fact that they mustexplicitly hold oneor moresolu-
tion or iterationvectorsin memory. Sincethesizesof those
vectorsareon theorderof thestatespaces,thetechniquesare
restrictedto solvingsmall models.Consequently, non-state-
basedtechniqueslike simulationhave beengenerallyusedto
solve largemodels.Simulation,however, belongsto theclass
of approximatetechniques,sinceits resultsarestatisticalin
nature.

An alternative to the previously mentionedtechniquesis
theapproachof path-basedanalysis(e.g.,[9, 10, 6]), whereby
boundedsolutionsarecomputedfor largemodels.Like sim-
ulation, path-basedtechniquesderive resultsfor a modelby
evaluatingtrajectoriesover which the correspondingsystem
may proceedover time. In contrastto the approachusedin
simulation,however, pathsareselectedin a systematicway.
Thatusuallyallows oneto computeupperandlower bounds,
insteadof approximations,for thedesiredmeasures.Despite
their success,existing path-basedtechniques�nd very lim-
ited application,becausethey suffer from poorperformance.
Theperformanceof all path-basedtechniquesis signi�cantly
dependenton two factors: (1) the numberof pathsthey can
computein a given amountof time and(2) the relevanceof
thepathsthatarecomputed.

In this paper, we introducea novel techniquefor comput-
ing pathsthat improvesperformancesubstantially. Thetech-
niqueis basedon thealgorithmin whichpathsarecomposed
from subpathsthatareprecomputedlocally for theindividual
modelcomponents.Thepathcompositionalgorithmhelpsto
eliminatemuch of the redundantcomputationso that many
morepathscanbecomputedin a givenamountof time. Fur-
thermore,weaugmentthetechniquewith apath-selectional-
gorithm to choosethe more relevant pathsfor analysis. To
thebestof ourknowledge,thiswork is the�rst to proposethe
ideaof pathcompositionto improvetheperformanceof path-



basedtechniquesfor the analysisof Markov models. Our
implementationof the algorithmeffectively exploits the ex-
istenceof commonsubpathsacrossall paths,resultingin a
speedupof 6:6 to 8:8 timesin our benchmarkmodels.

Thepresentationof ourpaperproceedsasfollows. In Sec-
tion 2, we brie�y review the necessarybackgroundmaterial
on thestructuredpath-basedapproach.Herewe focusspecif-
ically on thecalculationof rewardsandthealgorithmfor ex-
plorationat the path level. Then, in Section3, we turn our
attentionto thesubpathlevel anddescribethenew algorithm
for exploring,computing,andcomposingsubpaths.Section4
presentsexperimentalresultsfor thenew algorithmandcom-
paresthem to thosein our previous work. Finally, in Sec-
tion 5, weconcludewith a summaryof our currentwork.

2. Review of the Structured Path-based
Approach

In this section, we review the notationsthat are used
throughoutthispaper, describewhatpathsare,andshow how
pathsareexploredandhow rewardis calculatedonapathba-
sis. A moredetaileddescriptionandderivationcanbefound
in [6]. This sectionlays the foundationfor thederivationof
thepath-compositionalgorithmin thenext section.

2.1. Computation of Path Rew ard and
Solution Bounds

We considera classof modelswhosein�nitesimal gener-
atorsand solution vectorscan be composedfrom the com-
ponentmatricesand vectorsusing the Kronecker sum and
productoperators(see[6] for details). Speci�cally, thegen-
eratormatrix Q (a submatrixof Q̂) of a model in the class
canbe representedby the compositionof componentmatri-
ces(which is typically usedin theliterature,e.g.,see[11]):

Q̂ =
JM
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Q ( i )
l +

X

t 2T S

� t

 
JO

i =1

E ( i )
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whereQ ( i )
l is thegeneratormatrixof local transitionsin com-

ponenti (1 � i � J ), TS is the setof synchronizedtransi-
tions, � t is the rateof synchronizedtransitiont, E ( i )

t is the
synchronizedtransitionmatrix with respectto componenti
andtransitiont, D ( i )

t = diag(E ( i )
t eT ), ande is ann i -dimen-

sionalvectorof ones.
Let RS i = f 0; : : : ; n i � 1g be the setof statesof com-

ponent i , and de�ne � l i = maxx 2RS i (jQ
( i )
l (x; x)j) and

� =
P J

i =1 � l i +
P

t 2T S
� t . Applying uniformization to

thegeneratormatrix of componenti yieldsthetransitionma-
trix, P ( i )

l = Q ( i )
l =� l i + I , for a DTMC embeddedin a

Poissonprocessof rate � l i s that hasdensity � (� l i s; k) =
e� � l i s(� l i s)k =k!.

Further, de�ne E(t) = f i j 9 0 � x < n i : ex E ( i )
t eT <

1g to be the set of componentsthat may disabletransition
t. For eachsynchronizedtransitiont 2 TS , we de�ne the

following matrices,which correspondto elementsin the set

E(t): E
( i )
t = I � D ( i )

t .
A path in the approach consists of a sequenceof

component-level transitions.The generationof pathscanbe
consideredas an enumerationof strings from the alphabet
A = f l1; : : : ; lJ g [ TS [ ([ t 2T S E0(t)) , wherel i denotesa
local transitionin componenti andE0(t) = f �t i j i 2 E(t)g
is thesetof arti�cial transitionsof which �t i for componenti
maybe generatedif the rateof synchronizedtransitiont de-
pendson thestatesof i . Let P bethe languageof all strings
over A , andlet P l � P be the languageof stringsof length
l . For any � 2 P, � (i ) 2 A is the i th elementandj� j is
the lengthof thestring � . Thus,P correspondsto thesetof
all pathsover which a model may evolve, and P l contains
all pathsof lengthl . Now considera speci�c path� 2 P l ,
and let p0 = 
 J

j =1 p ( j )
0 be the initial statedistribution vec-

tor andr = � J
j =1 r ( j ) betherewardvector. Analogously, let

p ( i )
0 andr ( i ) betheinitial distribution andrewardvectorsfor

componenti , andlet � denoteeither
 or � basedonwhether
rewardis computedby aproductor asumof constituentcom-
ponentrewards.Therewardafterthetransitionof thepathis
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Note that eachpath at the componentlevel (as shown
above) correspondsto a setof trajectoriesat the statelevel.
Further, observethattherearecountablyin�nitely many paths
over which a modelmayevolve. Thus,althougha setof tra-
jectoriescanbecomputedsimultaneously, evaluatinga large
numberof pathsef�ciently is still an importantperformance
consideration. The probability of the path � is given by

Prob(� ) =
Q j � j

k=1
� � ( k )

� , where� �t i
= � t . The expected

rewardat time s andtheexpectedaccumulatedrewardin the
interval [0; s) canthenbecomputedby

E[Rs] =
1X

l =0

� (� s; l )
X

� 2P l

Prob(� )R(� ) (3)

E [AR s ] =
1X

l =0

1
�

 

1 �
lX

k=0

� (� s; k)

!
X

� 2P l

Prob(� )R(� ):

(4)

Equations(3) and(4) statethat theexpectedrewardsarejust
weightedsumsof path rewardsR(� ) for all paths� 2 P.
The lower andupperboundson the �nite truncationsof (3)
and(4) canbecomputedaccordingto thederivationin [6].

2.2. Algorithm for Exploring Paths

As shown in the previous section,a model may evolve
over many paths. Exploring andcomputingthosepathsef-



�ciently is a critical considerationin achieving goodperfor-
mance. Sincethe structuredpath-basedapproachis formu-
latedatahigherlevel of pathabstraction,wecanuseapartial
orderreductionmethodto reduceconsiderablythenumberof
pathsthat theapproachhasto exploredirectly. In particular,
the approachexploresonly canonicalpaths. Eachcanoni-
cal path is a representative pathof a setof equivalentpaths
inducedby a partialorderreductionrelation. Oncea canon-
ical pathhasbeenexplored,all of the equivalentpathscan
be determinedfrom it inexpensively (see[6] for detailson
thepathequivalencerelation). In additionto exploring only
canonicalpaths,anef�cient algorithmoughtto reuseasmany
resultsfrom the computedcanonicalpathsaspossible. The
algorithmsfor exploringcanonicalpathsandef�ciently com-
putingequivalentpathsaredescribedbelow.

Canonicalpathscan be explored througha de�nition of
a lexicographicalorder amongthem. That is donethrough
the imposition of an order amongthe transitionsin A =
f l1; : : : ; lJ g [ TS [ ([ t 2T S E0(t)) . Given two paths,� 1 =
� � a and � 2 = � � b, a; b 2 A, � 2 P, then� 2 is lexi-
cographicallygreaterthan� 1 if b is lexicographicallygreater
thana accordingto theorderingof thetransitionsin A . Thus,
analgorithmfor exploringcanonicalpathsconsidersonly the
lexicographicallylargestpathamongasetof equivalentpaths.

More formally, we explorecanonicalpathsin the follow-
ing way. Let T S = TS [ ([ t 2T S E0(t)) be the set of all
synchronizedtransitions," be the null path, CP be the set
of canonicalpaths,andCP l be thesetof canonicalpathsof
lengthl . Then,CP0 = f "g andCP =

S
l � 0 CP l . For l > 0,

thesetCP l canbegeneratedlexicographicallyin accordance
with

CP l =
n

� � a j � 2 CP l � 1; a 2 T S _
�
a = l i ^

�
� (j� j) 2 T S _

�
� (j� j) = l j ^ j � i

� �� o
:

(5)

Usingthiscanonical-pathexplorationalgorithm,wecanreuse
the computedresults(suchas the statedistribution vectors)
from pathsthat have alreadybeenexplored. The algorithm
usesadepth-�rst explorationstrategy to minimizetheamount
of requiredstorageby eliminatingtheneedto storeall inter-
mediateresultsfrom thecomputedcanonicalpaths.

Let card(� ) be the cardinalityof the setof pathsequiv-
alentto � . Eachpath� 2 CP representscard(� ) pathsin
P whoserewards,probabilities,andstatedistributionvectors
areall identical. For thecomputationof card(� ), we de�ne
the functionscs(� ) andcl( i ) (� ), i = 1; : : : ; J , on pathsin
thefollowing way. Let cs(" ) = cl( i ) (" ) = 0 and

cs(� � a) =

(
card(� ) if a 2 T S _

(a 62T S ^ � (j� j) 2 T S) ,
cs(� ) otherwise

(6)

cl( i ) (� � a) =

8
<

:

cl( i ) (� ) + 1 if a = l i
0 if a 2 T S.
cl( i ) (� ) otherwise

(7)

The function cs(� ) computesthe cardinality up to the last
synchronizedtransition in � , and cl( i ) (� ) counts the lo-
cal transitionsafter the synchronizedtransition. Both func-
tions togetherimplementa partial order reductionto com-
puteequivalentpathsin which the local transitionsbetween
two immediatesynchronizedtransitionscanbearbitrarily in-
terchanged.The algorithmusesthosefunctionsto compute
card(� ) in thefollowing way:

card(� ) = cs(� ) �

�
JP

i =1
cl( i ) (� )

�
!

JQ

j =1

�
cl( i ) (� )!

�
(8)

In thissection,wedescribedbrie�y how amodelis solved
throughthecomputationof variousattributevaluesat thepath
level. In thenext section,we show how thenew techniqueof
pathcompositioncancomputethosevaluesmoreef�ciently
at thesubpathlevel.

3. Algorithms for Path Composition and Path
Selection

Wenow presentthemaintechnicalcontributionof thispa-
per. This sectionis presentedin thefollowing manner. First,
wegivethejusti�cation for how pathscanbecomposedfrom
subpaths.This is doneby showing how pathscanbedecom-
posedinto subpaths.Next, we show how the subpathval-
uesarecomputedand,subsequently, how they canbeusedto
computethe pathvalues.We thenpresentthe completeand
necessarilyef�cient algorithm for composingthe subpaths.
Thelastpartof this sectiondescribesanapproachfor select-
ing importantpathsfrom theprecomputedsubpaths.

3.1. The Path-Comp osition Algorithm

Theessenceof thepath-compositionalgorithmis thatit is
muchquicker to computepathsby composingsubpathsthan
to computethe pathsthemselvesdirectly as in (2), (3), and
(4). To thatend,we explain herehow they canbecomposed
by showing how they canbedecomposedinto subpaths.Let
l1 andl2 be the local transitionsfrom components1 and2,
t f 1;2g beasynchronizedtransitionbetweencomponents1 and
2, andt f 4;5g bea synchronizedtransitionthatdoesnot affect
components1 and2. Thereare threegeneralcasesto con-
sider:

Case1: Given that a pathconsistsof local transitionsonly,
suchasl1 � l2 � l1 � l2, wecandecomposeit into two sub-
pathsl1 � l1 andl2 � l2, sincel1 doesnotaffectcomponent
2 andsimilarly l2 doesnotaffectcomponent1.

Case2: Giventhata pathconsistsof affectingsynchronized
transitions,suchasl1 � l2 � t f 1;2g � l1 � l2, wecandecom-
poseit into two subpathsl1 � t f 1;2g � l1 andl2 � t f 1;2g � l2,
in whichwecomputetheeffectof thesynchronizedtran-
sition on thecomponentsindividually.



Case3: Giventhata pathconsistsof non-affectingsynchro-
nizedtransitions,suchasl1 � l2 � t f 4;5g � l1 � l2, we can
decomposeit into two subpathsl1 � l1 andl2 � l2, sincethe
synchronizedtransitionhasnoeffectonthecomponents.

Thus,pathscanbecomposedthroughidenti�cation of thesets
of subpathsthat make up the paths. Moreover, thesubpaths
can be computedindividually and, thereafter, characterized
by a few real values. We presentthe path-compositional-
gorithm in detail in the next subsection.In the restof this
subsection,weshow how thesubpathvaluesarecomputed.

Let us assumefor the moment that all componentsin
a model participatein all synchronizations.That assump-
tion canberelaxedeasilylaterwithout affectingthecorrect-
nessof the analysis;doing so now would unduly compli-
catethe discussionand the notationsused. De�ne A ( i ) =
TS

S
(
S

t 2T S
�t i )

S
f l i g to be the set of all transitionsthat

mayaffect componenti . For a givenpath� , let � ( i ) bea ba-
sic subpathof � consistingonly of transitionsin A ( i ) . Thus,
� ( i ) is theprojectionof � ontoA ( i ) .

As shown in [6], thestatedistribution at theendof a path
is computedby theKroneckerproductof thecomponentvec-
tors.As a result,wecancomputethestatedistributionvector
for componenti afterthetransitionof thesubpath� ( i ) by

p ( i ) [� ( i ) ] = p ( i )
0

�
� � ( i )

�
�

Y

k=1

� � ( i ) (k ) , (9)

where

� � ( i ) (k ) =

8
>>>>><

>>>>>:

P ( i )
l if � ( i ) (k) = l i

E ( i )
t if � ( i ) (k) = t for t 2 TS

D ( i )
t if � ( i ) (k) = �t j for i < j andt 2 TS

E
( i )
t if � ( i ) (k) = �t i for t 2 TS

I n i otherwise

.

The state distribution vector after the transition of the
path � is p[� ] = 
 J

j =1 p ( j ) [� ( j ) ], and from (2),
the reward of the path is computed by R[� ] =� N J

j =1 p ( j ) [� ( j ) ]
� � J J

j =1 r ( j )
�

. Note that p ( j ) [� ( j ) ] is a

row vector, whereasr ( i ) is acolumnvector. If � is 
 (i.e.,re-
wardsarecomputedasaproductof componentrewards),then
R[� ] =

N J
j =1 p ( j ) [� ( j ) ]

N J
j =1 r ( j ) =

Q J
j =1 p ( j ) [� ( j ) ]r ( j ) .

When � is � , the computationis slightly more complex,
yielding
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where en is a row vector of length n with all elements
equalto 1. For notationalconveniencede�ne � ( i ) (� ( i ) ) =

p ( i ) [� ( i ) ]r ( i ) and � ( i ) (� ( i ) ) =
JQ

j =1 ;i 6= j
p ( j ) [� ( j ) ]eT

n j
such

thattherewardfor thepath� canbecomputedaseither

R[� ] =
JY

i =1

� ( i ) (� ( i ) ) or
JX

i =1

� ( i ) (� ( i ) ) � � ( i ) (� ( i ) ) : (10)

Similarly, the probability of a path can be de-
composed into the subpath probabilities due to the
local and synchronized transitions. The probabil-
ity of the subpath due to the local transitions is
ProbL(� ( i ) ) =

Q
k2f 1;::: ;

�
� � ( i )

�
�g^ � ( i ) (k )= l i

� l i
� , and

the probability due to the synchronized transitions is

ProbS(� ) =
Q

k2f 1;::: ;j � jg^ � (k )2T S
� � ( k )

� , suchthat

Prob(� ) = ProbS(� )
JY

i =1

ProbL(� ( i ) ). (11)

Thus,we canexploit redundantcomputationacrossmany
pathsto improveperformanceby �rst decomposingthepaths
into basicsubpaths.Variousreal valuesof the subpathsare
thenprecomputedandcached.Afterward, the subpathscan
becomposed,andtheircachedvaluescanbeusedto compute
theboundson therewardscomputedby (3) and(4).

Beforewe introducethealgorithmfor composingthesub-
paths,we presenta small exampleto show the advantages
of an isolatedcomputationand cachingof � ( i ) (� ( i ) ) and
� ( i ) (� ( i ) ). A model that hastwo componentsanda single
synchronizedtransitiont thatcanbedisabledonly by the�rst
componentwill beanalyzed.Thus,givenA = f l1; l2; t; �t1g,
we considerthesetof pathsof length3, andwe assumethat
eachmatrix P ( i )

l containsnz non-zerosandthat theremain-
ing matricescontain nz=2 elementssuch that the effort it
takes to analyzea pathof lengthx equalsx � nz. P 3 con-
tains43 = 64 differentpaths,andsinceeachpath requires
a computationaleffort of 3nz, theoverall costfor this naive
computationis on theorderof 192nz.

Observe that thenumberof pathsat thestatelevel is usu-
ally muchlargerandthatevery pathin our approachusually
representsa largenumberof pathsat thestatelevel. By stor-
ing intermediatevectorsp ( i ) [� ( i ) ], onecanavoid having to
recomputethe vectorsmany times. Thus, if path l1l1l1 has
beenanalyzed,path l1 l1l2 can be computedwith a cost of
only nz. From a computationalpoint of view, thecomputa-
tion requiresa depth-�rst traversalof the treethat describes
all possiblepaths.Thenumberof vectorsto bestoredequals
the depthof the tree, which is acceptablesincethe vectors
have dimensionsthat correspondto the sizesof the compo-
nent statespacesand not the overall statespace. Because
already-computedvectorsarereused,thenumberof required
operationsis proportionalto 81nz. Exploitationof thepartial
orderreductionreducesthe numberof pathsfrom 64 to 52.
The effect of the reductionis relatively small for this exam-
ple, sincethe pathlengthis shortandwe consideronly two
components.Thus,only thesequencesof local transitionscan



bereordered;for example,l1l1l2, l1l2l1, andl2l1l1 areequiv-
alentpaths,andthe�rst is thecanonicalpath.If intermediate
resultsarereused,thecostof thepathcomputationusingthe
canonicalpathsis proportionalto 76nz.

If we considerlocal pathsfor the components,then the
�rst componentdescribes33 = 27 paths.For theestimation
of thecomputationalcost,recall thatat thecomponentlevel,
themultiplicationof a vectorwith a matrix describinga syn-
chronizationrequiresaneffort in 0:5nz ratherthannz. Since
thereis 1 pathwith 3 local transitions,thereare6 pathswith 2
localtransitions,thereare12pathswith 1 local transition,and
thereare8 pathswithoutlocal transitions,thetotalcostis pro-
portionalto 54nz. Additionally, sincevectorsat thecompo-
nentlevel canbereused,thecostcanbereducedto 26nz. For
thesecondcomponent,wehaveonly two differenttransitions,
becausethe synchronizedtransitioncanbe disabledonly by
the�rst component.Thus,thereare8 differentpaths,andthe
computationalcost is proportionalto 18nz without reuseof
intermediatevectorsandis proportionalto 10:5nz with reuse
of the vectors. If we reusevectors,then the overall cost is
proportionalto 36:5nz. Afterward,all values� ( i ) (� ( i ) ) and
� ( i ) (� ( i ) ) areknown for localpathswith lengthsupto 3. The
valuescanbeusedin (10) for thecomputationof thereward
values.

Observethatusingthelocalpathswith lengthsupto 3, it is
possibleto computerewardsfor all globalpathswith lengths
lessthanor equalto 3 andalsosomeotherglobalpathswith
lengths4, 5, and6. Computingthoseadditionalglobalpaths
of lengthsgreaterthan3 is inexpensive,andit helpsto tighten
the lower boundsfurther. To provide a fair comparisonwith
our previouswork, however, our implementationof thepath
decompositionalgorithmdoesnot takeadvantageof theaddi-
tional globalpaths.Theresultswe presentin Section4 show
theperformancecomparisonup to thesamepathlengthsfor
bothimplementations.

In this smallexample,theeffectof localpathcomputation
is a reductionof the computationaleffort by a factor of 2.
However, with anincreasingpathlength,anincreasingnum-
berof components,andanincreasingnumberof synchronized
transitions,the effect grows exponentially. In the following
section,we introducean algorithmfor ef�cient computation
of rewardsfor globalpathsfrom theresultsof local subpaths.

3.2. Algorithms for E�cien t Comp osition of
Subpaths

We have shown how pathscanbe decomposedinto sub-
pathsandhow thesubpathvaluesarecomputed.In orderto
gainthebene�tsof thepath-compositionalgorithm,we must
haveaneffectivestrategy for exploringthesubpathsandcom-
posingthemef�ciently . Thereareseveral strategies for ex-
ploring andcomputingthe basicsubpaths.Either they may
all beprecomputedbeforeany computationof rewardbounds
begins, or they may be computedwhenrequiredduring the
computationof the bounds. In both cases,the storagecom-
plexity is combinatorialin the numberof subpaths.With so
many pathsto consider, the selectionof the valid subpaths
to composeis alsoexpensive. We now describean ef�cient
algorithmfor precomputingandcomposingthesubpaths.

Insteadof computingand storing all of the subpathsen
masse,we cancomputeandstoresetsof themin stages.At
eachstage,we identify a set of subpathsthat are compos-
able with eachotherandcomputeonly those. Subpathsare
composablewhenthey have the samelongestcommonsub-
sequence(LCS) [3] of synchronizedtransitions. In orderto
simplify the computation,we assumethat the synchronized
transitionscannotbe transposedpasteachother, so that the
LCS is unique. Thus, we can partition the set of all sub-
pathsinto classesof composablesubpaths,with eachclass
characterizedby a sequenceof synchronizedtransitions.For
example, supposet1; t2; t3 2 T S are synchronizedtran-
sitions. Then, the classof composablesubpathsthat have
thesequenceht1; t2; t3 i is f l j

� � t1 � l j
� � t2 � l j

� � t3 � l j
� g,

wherel j
� denoteszeroor moreoccurrencesof thelocal tran-

sition of componentj (1 � j � J ).
More formally, given a sequenceof synchronizedtransi-

tionsht1; : : : ; tn i andamaximumsubpathlengthL = n + K ,
the classof composablesubpathscorrespondingto the se-
quenceis

CS(ht1; : : : ; tn i ; L ) =
J[

j =1

K[

k ( j )
0 + ::: + k ( j )

n =0
n

� ( j ) = l j
k ( j )

0 � t1 � l j
k ( j )

1 � t2 � l j
k ( j )

2 � : : : � tn � l j
k ( j )

n

o
:

(12)

For eachsubpath� ( j ) 2 CS(ht1; : : : ; tn i ; L ), we needto
precomputeand storeonly one or two real values,namely
� ( i ) (� ( j ) ) and� ( i ) (� ( j ) ). The probabilityof the subpathis
givenby

Prob( j ) (K ) =
� K

l j

� K ; (13)

andtheprobabilityof thesynchronizedtransitionsequals

ProbS(t1 : : : tn ) =
Q n

k=1 � t k

� n . (14)

Each path that is composedfrom somesubpathsin the
classCS(ht1; : : : ; tn i ; L ) can be consideredas a canonical
paththat representsa setof equivalentpaths.Computingthe
numberof equivalentpathsusingthe new algorithmis now
straightforward(ascomparedto (8) in Section2.2).Thenum-
berof equivalentpathsis simply

jht 1 ;::: ;t n ijY

i =0

� P J
j =1 k( j )

i

�
!

Q J
j =1

�
k( j )

i !
� , (15)

which followsfrom thenumberof possiblereorderingsof the
local transitionsbetweentwo immediatesynchronizedtransi-
tions.

Using(10), (13), (14), and(15), we cannow computethe
expectedinstantaneousrewardfor a model. Let 	 betheset
of all sequencesof synchronizedtransitions. Then, the ex-



pectedinstantaneousrewardis computedby

E[Rs ] =
X

 2 	

1X

m = j  j

� (� s;m)
X

P J
j =1

P j  j
i =0 k ( j )

i + j  j = m

(

j  jY

i =0

� P J
j =1 k( j )

i

�
!

Q J
j =1

�
k( j )

i !
� � ProbS( ) �

JY

j =1

Prob( j )

0

@
j  jX

i =0

k( j )
i

1

A �

JY

j =1

� ( j )
�

lk ( j )
0

j ;  1; : : : ;  j  j ; l
k ( j )

j  j

j

� )

(16)

whentherewardis computedfrom theproductof component
rewards.For anadditive reward,we mustusethesummation
of (10) insteadof the lastproductin (16). Theequationsfor
theexpectedaccumulatedrewardcanbederivedin a similar
manner.

In summary, thealgorithmworksby generatingthesetof
sequencesof synchronizedtransitions.For eachsequence,a
classof composablesubpathsis explored,andtheirvaluesare
precomputedusing(10)and(13). Afterward,thesubpathsare
composed,andtheir valuesareusedto computetheexpected
reward of a model. The subpathsin a classof composable
subpathsmaybeexploredusinga depth-�rst strategy similar
to that discussedin Section2.2 to minimize the amountof
memoryusedto storeintermediateresults.Thealgorithmis
storage-ef�cient becauseduring eachstageof the computa-
tion, only two realvaluesfor eachsubpatharestored.More-
over, it is computationallyef�cient becauseeachsubpath,asa
redundantcomputationacrossmany paths,is computedonly
onceandreusedmany times.

3.3. An Approac h for Selecting Imp ortan t
Subpaths

Althoughtherearemany pathsto consider, a largenumber
of themoftencontribute little or no reward toward thecom-
putationof the boundson the solutionof a model. We can
thusspeedup thecomputationfurther by identifying impor-
tantpathsanddiscardingthosethat contribute little or noth-
ing towardtighteningof thebounds.While pathselectionhas
beenconsideredby otherresearchers,our approachis new in
that it basestheselectionon additionalinformationavailable
from thecomputedsubpaths.

Thereareseveralsubpathfactorsthatdirectlyaffectthere-
wardcontribution of a path. With respectto (16), oneof the
main factorsis the subpathreward � ( i ) (� ( i ) ). If a subpath
haszero reward, all pathscomposedfrom it also have zero
reward. Using this insight,we canimprove theperformance
of the computationif we can identify ef�ciently thosesub-
pathsthatcontributenorewardanddiscardthemfrom further
computation.

Startingfrom (9) and(10), we notethat � ( i ) (� ( i ) ) canbe
computedef�ciently by �rst computingthe projectionof a
componentrewardvectorr ( i ) ontocomponenti . Thatyields
a projectedreward vectorthat canbe cachedandreusedre-
peatedly. Next, when subpathsare being explored,we can

computetheir rewardvaluesef�ciently by meansof a scalar
productof the subpathstatedistribution vectorandthe pro-
jectedrewardvector. In complexity terms,that incursa cost
of O(n i ) ratherthanO(n2

i ), wheren i is thesizeof thestate
spaceof componenti .

Weimplementtheapproachby computingall projectedre-
ward vectorsandcachingthembeforeany subpathis com-
puted. As the subpathsare explored, the projectedreward
vectorsareusedto computethesubpathrewardvalues.Those
subpathsthat contributenon-zerorewardvaluesareretained
for compositionwith other subpaths;the rest are discarded
immediately. Whena zero-reward subpathis discarded,we
keepthe implementationsimpleby alsodiscardingthe suc-
cessive subpathsthat canbe generatedfrom thezero-reward
subpath.Thoughthediscardedsuccessivesubpathsmayhave
non-zerorewardvalues,their contributionstowardtightening
theboundsappearto benegligible in our experiments.In the
next section,weshow exampleresultsthatareobtainedusing
this approach.

4. Numerical Results

We evaluateour algorithmby studyingits performancein
analyzingtwo modelswith very different characteristics:a
model of a distributed information servicesystemadapted
from themodelin [8] andamodelof amediamulticastsystem
inspiredby theworkof Chuetal. [2]. In theformermodel,we
evaluatethe reliability andavailability of the system;in the
lattermodel,we evaluatetheperformabilitypropertiesof the
correspondingsystem.Moreover, the latter modelhasmore
components,a largerstatespace,andtightercouplingamong
the components.After describingthe systemsin detail be-
low, we presentthe performanceresultsand comparethem
with theresultsobtainedusingourearlierapproachdescribed
in [6].

4.1. Mo del Description of the Distributed
Information Service System

Weaugmenttheoriginalmodelof thedistributedinforma-
tion servicesystemwith synchronizedtransitionsamongthe
componentsto describehow faults are propagatedthrough
the system. In addition, we increasethe numberof front-
endmodulesin orderto modeltheoccurrenceof a fault only
whenamajorityof themodulesarecorrupted.Wealsomodel
doubleredundancy in the processingunits by addingan ad-
ditional modulefor every modulein the original processing
units.Theseadditionsquickly increasethesizeof ourmodel,
resultingin a modelwith approximately2:7 � 1018 states,so
large that it could not have beenanalyzedusing traditional
techniques,but canbeusingourapproach.

The model consistsof six front-endmodulesthat inter-
act with four processingunits. Each processingunit con-
sistsof redundantcomponents,includingtwo processors,two
switches,two memory units, and two databases.Each of
the componentshasits own repair facility. All of them go
through the cycle of Working, Corrupted, Failed, and Re-
paired. The stochasticactivity network(SAN) modelof the
systemis shown in Fig. 1.



Figure 1. SAN model of a distrib uted inf ormation service system.

Faultpropagationin thesystemis modeledasfollows:

� Whena majority of the six front-endmodulesarecor-
rupted, the front-end is consideredfaulty, and it may
propagatethe error to any of the four processingunits
in which thereare two working processors.Propaga-
tion occursvia the synchronizedactivities betweenthe
front-endandtheprocessorsin theprocessingunits.The
front-endor any of theprocessorsmaydisablethesyn-
chronizedactivities. After propagatingthe error to a
processingunit, the front-endmay remainin the faulty
stateandcontinueto propagateerrorsto otherprocess-
ing unitsuntil themajority fails or arerepairedor there
areno moreprocessingunits to which the error canbe
propagated.

� Whenbothprocessorsin aprocessingunit arecorrupted,
they both may propagatethe error to their working
switchesvia asynchronizedactivity. Any of theinvolved
componentsmaydisablethesynchronizedactivity. Af-
ter the error propagation,theprocessorsmay remainin
thecorruptedstateuntil they fail.

� Whenbothswitchesof a processingunit arecorrupted,
they maypropagatetheir errorsto theworking memory
units via a synchronizedactivity. Any of thesecompo-
nentsmaydisabletheactivity. After propagatingtheer-
ror, theswitchesmayremainin thecorruptedstateuntil
they fail.

� Whenboth memoryunits of a processingunit arecor-
rupted,they may propagatetheir errorsto the working
databasesvia asynchronizedactivity. Any of thesecom-
ponentsmay disabletheactivity. After propagatingthe
error, the memory units may remain in the corrupted
stateuntil they fail.

We vary activity ratesin the submodelsand amongthe
synchronizedactivities, sotheresultingmodeldoesnot have
symmetriesthat would allow it to be lumped. Becauseof
spaceconstraints,we do not list theratesusedfor themodel
here.In total, themodelhas5 submodels(modeling38com-
ponents)and4 synchronizedactivities. Becauseeachcompo-
nenthasthreestates,thestatespaceof thewholemodelhas
2 � 338 � 2:7 � 1018 states. We computedthe reliability
of the systemover the interval [0; 1:0], the point availabil-
ity at time 0:1, andthe interval availability over the interval
[0:0; 0:1] whenall componentsin themodelwerein thework-
ing state.

4.2. Mo del Description of the Media
Multicast System

The SAN modelof the mediamulticastsystemis shown
in Fig. 2. The model is parameterizedby many variables,
such that by varying the parametersfor the activity rates
andbuffer sizes,we canmeasurethe sensitivity of the sys-
tem and the likelihood that it will experiencebuffer over-
�o w. In addition, we can also computethe probability of
having to �ush the frame buffers when the systemis cor-
rupted.Themodelconsistsof asource(CMU) thatmulticasts
framesto theclientsBerkeley, UIUC1, andUWisc. Berkeley
andUIUC1, in turn, multicastthe framesfurther to UCSB,
UIUC2, andUKY. Note that UWisc synchronizesonly with
CMU; Berkeley is more tightly connectedwith CMU and
UCSB; and UIUC1 must synchronizewith CMU, UIUC2,
andUKY. Thecompletemodelhassevensubmodelsandap-
proximately1:9 � 1020 states.

Framesare initially generatedby the source,CMU. The
tasksof the clients are to decodethe frames,processthem
(perhapsaddingmoreinformationto them),andencodethem
for furthermulticast.All of thesecomponentsmaybein any



Figure 2. SAN model of a media multicast system.

oneof theoperational,corrupted,or failedmodesat any in-
stantof time, and they all have their own repair facilities.
They may transmit framesonly when they are operational.
Whenthey arecorrupted,their framebuffersare�ushed, be-
causethe storedframesarepresumablycorruptedalso. The
transmittedframesaredroppedwhentheclients' buffersare
full.

Thus,the sensitivity of the systemdependson the buffer
sizes,the transmissionrates,andthe processingratesof the
components.By varying theseparameters,we cancompute
theprobabilityof having a buffer over�ow or buffer �ushing
at sometime after the systemhasbeenin operation. In the
next section,we presentnumericalresultsfrom our experi-
mentalevaluation. Theresultsarenot meantto berepresen-
tative of any realsystem,sincetheparameterswe usedwere
nottakenfrom arealsystem.They doshow, however, thatthe
parametersare interdependentandthat our algorithmworks
correctlyin computingtheresultsfor thevariedparameters.

4.3. Exp erimen tal Evaluation

We conductedall of ourexperimentsonaworkstationthat
had the AMD Athlon XP 2700+processorrunning at 2:17
GHz with 1:0 GB of RAM. The operatingsystemwasRed
Hat Linux 9.0 with mounted�le systems.We compiledour
implementationusingthecompilerg++3.3with optimization
�ag -O3only.

For the model of the distributed information service
system, the Möbius simulation results are 0:99883 �
2:11883414� 10� 4 for the point availability, 0:099934�
1:340263� 10� 5 for theinterval availability, and0:98616�
7:241023� 10� 4 for reliability. Theseresultswereobtained
ata 95%con�dencelevel.

For themodelof themediamulticastsystem,theMöbius
simulationresultsare0:925� 1:63� 10� 2 for theprobability

thatthesystemwill experienceabuffer over�ow and0:365�
2:99 � 10� 2 for the probability that the systemwill have to
�ush its framebuffersdueto a systemfailure. Theseresults
werealsoobtainedata 95%con�dencelevel.

Tables1 and2 show theresultsfor theavailability andreli-
ability measures,respectively, of themodelof thedistributed
information servicesystemcalculatedusing our path-based
approach. Note that the lower and upperboundsfor each
measureconvergeasthepathlengthincreases,becausemore
pathsare computed. Although the path-selectionapproach
discardszero-rewardsubpathsandtheir successive subpaths,
theboundvaluesfor this particularmodelarenot affectedup
to theseventhsigni�cant digits in any of theexperimentswe
performed.ColumnBasicAlgorithmTime(sec)lists thetime
takento evaluatethemodelthroughtheuseof thepath-based
approachdescribedin [6]. ColumnPath DecompositionEn-
hancedAlgorithmTime(sec)lists thetime takenusingof our
new algorithm,which makesuseof the path-decomposition
andpath-selectionschemesdescribedin thispaper. As shown
in the time columnsfor both the availability and reliability
results,our new algorithmachievesapproximately80% per-
formanceimprovementrelativeto thepreviousalgorithm.As
thepathlengthgetslonger, thealgorithmperformsbetter. For
example,at thepathlengthof 6 for theavailability results,it
achievesalmost85% improvement;at the samepath length
for the reliability results,it achieves87% improvement.We
donothavethetiming resultfor thebasicapproachat thepath
lengthof 7, becauseit takestoo long to compute.

Tables3 and 4 show the resultsfor the probabilitiesof
buffer over�ow and buffer �ushing, respectively, for the
model of the mediamulticastsystem. For this model, the
valuesof theboundscomputedby thebasicapproachandby
thenew algorithmdiffer somewhat.We list thevaluesof both
boundsin the tablesfor comparison.In orderto understand
betterthe ratesof convergenceof the bounds,we provide a



Table 1. Numerical results for availability
LowerBound UpperBound Lower Bound UpperBound PathDecomposition

Path Point Point Interval Interval BasicAlgorithm [6] EnhancedAlgorithm
Length Availability Availability Availability Availability Time(sec) Time(sec)

1 2.519650e-01 9.998975e-01 6.261971e-02 9.998443e-02 1.62 0.01
2 4.978311e-01 9.996229e-01 8.131310e-02 9.996355e-02 1.88 0.08
3 7.174581e-01 9.992548e-01 9.180509e-02 9.994597e-02 4.88 0.87
4 8.645992e-01 9.989260e-01 9.680362e-02 9.993480e-02 42.25 8.88
5 9.434621e-01 9.987056e-01 9.885818e-02 9.992906e-02 504.81 92.18
6 9.786854e-01 9.985875e-01 9.959795e-02 9.992657e-02 6135.23 934.25
7 9.921700e-01 9.985347e-01 9.983439e-02 9.992565e-02 — 9673.85

Table 2. Numerical results for reliability
PathDecomposition

Path LowerBound UpperBound BasicAlgorithm [6] EnhancedAlgorithm
Length Reliability Reliability Time(sec) Time(sec)

1 6.522987e-01 9.955666e-01 1.26 0.00
2 8.661349e-01 9.902090e-01 1.52 0.08
3 9.517685e-01 9.869717e-01 4.41 0.72
4 9.774886e-01 9.856676e-01 40.38 7.30
5 9.836687e-01 9.852736e-01 487.09 74.02
6 9.849062e-01 9.851784e-01 5990.44 759.56
7 9.851185e-01 9.851592e-01 — 7763.17

Table 3. Numerical results for the probability of buff er over�o w
Basic Basic Enhanced Enhanced PathDecomposition

Path Algorithm Algorithm Algorithm Algorithm BasicAlgorithm [6] EnhancedAlgorithm
Length LowerBound UpperBound Lower Bound UpperBound Time(sec) Time(sec)

1 1.492972e-01 9.962873e-01 1.492972e-01 9.962873e-01 0.21 0.00
2 3.341998e-01 9.840578e-01 3.341998e-01 9.840578e-01 0.25 0.02
3 5.345312e-01 9.644779e-01 5.339680e-01 9.639147e-01 0.89 0.19
4 6.978060e-01 9.437606e-01 6.958400e-01 9.417942e-01 10.42 2.05
5 8.045237e-01 9.273265e-01 8.007710e-01 9.235738e-01 152.80 22.71
6 8.627557e-01 9.168673e-01 8.574547e-01 9.115663e-01 2266.00 257.59

Table 4. Numerical results for the probability of buff er �ushing
Basic Basic Enhanced Enhanced PathDecomposition

Path Algorithm Algorithm Algorithm Algorithm BasicAlgorithm [6] EnhancedAlgorithm
Length LowerBound UpperBound Lower Bound UpperBound Time(sec) Time(sec)

1 1.177836e-01 9.647736e-01 1.177836e-01 9.647736e-01 0.15 0.00
2 2.146505e-01 8.645084e-01 2.148119e-01 8.646698e-01 0.18 0.02
3 2.903990e-01 7.203457e-01 2.909466e-01 7.208933e-01 0.62 0.17
4 3.348248e-01 5.807794e-01 3.358348e-01 5.817894e-01 7.09 1.89
5 3.556691e-01 4.784719e-01 3.570485e-01 4.798513e-01 103.90 20.74
6 3.638190e-01 4.179306e-01 3.654202e-01 4.195318e-01 1564.00 229.20
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Figure 3. Comparison of convergence rates between the basic algorithm and the enhanced algorithm.

graphicalcomparisonof theconvergenceratesin Fig. 3.

5. Summary
Even though existing path-basedtechniqueshave been

shown to beeffectivein reducingtheamountof memorynec-
essaryto analyzevery large models,they arestill limited in
thesizeof problemsthey cansolve, dueto the largenumber
of pathsthatoftenneedto beexploredto obtaintight bounds
onameasure.Thispaperpresentedanovelapproachfor com-
puting pathsbasedon the ideaof pathcomposition.Instead
of computingpathsdirectly, theapproach�rst computespos-
sible subpathsfor eachcomponentof a model. The setsof
subpathsarethencomposedto exploremany pathssimultane-
ously. Effectively, thisapproacheliminatesredundantcompu-
tationexpendedin computingcommonsubpathsfoundacross
multiplepaths.Furthermore,weshowedhow apath-selection
approachworks seamlesslywith the path-compositionalgo-
rithm to �nd importantsubpathsef�ciently . As a result,we
wereable to achieve a speedupof 6:6 to 8:8 times for two
benchmarkmodels.To thebestof our knowledge,our work
is the�rst to proposetheuseof pathcompositionfor theanal-
ysisof Markov models.Theseimprovementsmakeit feasible
to evaluateef�ciently modelsof practicalsystemsthataresig-
ni�cantly largerthancouldpreviouslybehandled.
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