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Abstract

Path-basedtechniquesmale the analysis of very large
Markov modelsfeasibleby trading off high computational
compleity for low spacecompleity. Often,a drawbad in
thesetechniquesis that they haveto evaluatemanypathsin
order to computereasonablytight boundson the exact solu-
tions of the models.In this paper we presenta path compo-
sition algorithmto speedup path evaluationsigni cantly. It
works by quickly composingsubpathshat are precomputed
locally at the componentevel. The algorithm is computa-
tionally efcient sinceindividual subpathsare precomputed
only once andtheresultsare reusedmanytimesin the com-
putation of all composedpaths. To the bestof our knowl-
edgg, this work is the r st to proposethe idea of path com-
positionfor the analysisof Markov models. A practical im-
plementatiorof the algorithm malesit feasibleto solveeven
larger modelssinceit helpsnotonlyin evaluatingmore paths
faster but also in computinglong pathsefciently by com-
posingthemfrom short ones. In addition to presentingthe
algorithm, we demonstate its application and evaluateits
performancen computinghereliability andavailability of a
largedistributedinformationservicesystemn thepresencef
fault propagationandin computingheprobabilitiesof buffer
over ow andbuffer ushing in a mediamulticastsystenwith
varyingsystenton gurations.

1. Intr oduction

Dueto everincreasingsize andcompleity in systemde-
signs, model-basedvaluation has becomea cost-efective
way to study alternatve designsbefore the actual systems
are built. Model-basedevaluation can be usedto estimate
the reliability, availability, or performability of the systems,
for instance Oftenmodelsareusedthatcanbe mappedonto
continuous-timeMarkov chains(CTMCs) for solution. It is
well-known thatasmodelsgrow, thesizesof their statespaces
grow at an exponentialrate. That growth rate can quickly
overwhelmthe storagecapacityof moderncomputingsys-
tems. Thus, new techniqueghat are effective at managing
storagecompleity are neededfor analyzinglarge Markov
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models.

Whentransientesultsarerequired severalanalysismeth-
ods are available. They canbe roughly classi ed as either
state-basedr non-state-basednd as either approximateor
exact. Modernstate-basetechniquessuchas[4, 1,5, 7], are
very effective in representinghe statespacesandthe corre-
spondingtransitionmatricescompactly but they arelimited
by the fact that they mustexplicitly hold one or more solu-
tion or iterationvectorsin memory Sincethe sizesof those
vectorsareonthe orderof the statespacesthetechniquesre
restrictedto solving small models. Consequentlynon-state-
basedechniquedik e simulationhave beengenerallyusedto
solve largemodels.Simulation,however, belongsto theclass
of approximatetechniquessinceits resultsare statisticalin
nature.

An alternatve to the previously mentionedtechniquess
theapproacthof path-basednalysige.g.,[9, 10, 6]), whereby
boundedsolutionsarecomputedor large models.Lik e sim-
ulation, path-basedechniquesierive resultsfor a modelby
evaluatingtrajectoriesover which the correspondingystem
may proceedover time. In contrastto the approachusedin
simulation,however, pathsare selectedn a systematiavay.
Thatusuallyallows oneto computeupperandlower bounds,
insteadof approximationsfor the desiredmeasuresDespite
their successegxisting path-basedechniquesnd very lim-
ited application,becausehey suffer from poorperformance.
The performancef all path-basediechniquess signi cantly
dependenbn two factors: (1) the numberof pathsthey can
computein a given amountof time and (2) the relevanceof
the pathsthatarecomputed.

In this paper we introducea novel techniquefor comput-
ing pathsthatimprovesperformancesubstantially The tech-
nigqueis basedn the algorithmin which pathsarecomposed
from subpathshatareprecomputedocally for theindividual
modelcomponentsThe pathcompositionalgorithmhelpsto
eliminate much of the redundanttomputationso that mary
morepathscanbe computedn a givenamountof time. Fur-
thermorewe augmenthetechniquewith a path-selectioral-
gorithm to choosethe more relevant pathsfor analysis. To
thebestof ourknowledge thiswork is the rst to proposethe
ideaof pathcompositiorto improve the performancef path-



basedtechniquesfor the analysisof Markov models. Our
implementatiorof the algorithm effectively exploits the ex-
istenceof commonsubpathsacrossall paths,resultingin a
speedumf 6:6 to 8:8 timesin our benchmarknodels.

The presentatiomf our papermproceedssfollows. In Sec-
tion 2, we brie y review the necessarpackgroundmaterial
onthestructuredath-basedpproachHerewe focusspecif-
ically on the calculationof rewardsandthe algorithmfor ex-
plorationat the pathlevel. Then,in Section3, we turn our
attentionto the subpathevel anddescribethe new algorithm
for exploring, computingandcomposingsubpathsSectiord
present&xperimentaresultsfor the new algorithmandcom-
paresthemto thosein our previous work. Finally, in Sec-
tion 5, we concludewith a summaryof our currentwork.

2. Review of the Structur ed Path-based
Approach

In this section, we review the notationsthat are used
throughouthis paper describevhatpathsare,andshov how
pathsareexploredandhow rewardis calculatecbn a pathba-
sis. A moredetaileddescriptionandderivation canbe found
in [6]. This sectionlaysthe foundationfor the derivation of
the path-compositiolgorithmin thenext section.

2.1. Computation of Path Reward and
Solution Bounds

We considera classof modelswhosein nitesimal gener
atorsand solution vectorscan be composedrom the com-
ponentmatricesand vectorsusing the Kroneclker sum and
productoperatorgsee[6] for details). Speci cally, the gen-
eratormatrix Q (a submatrixof ©) of a modelin the class
canbe representedby the compositionof componentmatri-
ces(whichis typically usedin theliterature,e.g.,see[11]):

M X o ., o
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WhereQ,(i) is thegeneratomatrix of local transitionsn com-
ponenti (1 i J), Ts is the setof synchronizedransi-

tions, . is the rate of synchronizedransitiont, Eﬁi) is the
synchronizedransitionmatrix with respectto component
andtransitiont, D{" = diagE{"eT), ande is ann;-dimen-
sionalvectorof ones.

LetRS; = f0;:::;n; 1g bethesetof statesof com-
ponenlg, and de Ly = maxcars  (1QM (x; x)j) and

= iJ:1 i+ o1 t- Applying uniformizationto
thegeneratomatrix of component yieldsthetransitionma-

trix, P = QW= + I, for a DTMC embeddedn a
Poissonprocessof rate | s that hasdensity ( |, s;k) =
e 'iS( | s)k=kKL.

Furtherdene E(t) = fij90 x < n; : e,xEMeT <
1g to be the setof componentghat may disabletransition
t. For eachsynchronizedransitiont 2 Ts, we de ne the

following matrices,which correspondo elementdn the set
Et):E” =1 b,

A path in the approach consists of a sequenceof
component-leel transitions. The generatiorof pathscanbe
consideredas an enumerationof stnngsfrom the alphabet
A= fly gl TsT ([ msE(t)) wherel; denotesa
local transitionin componeni andEqt) = ft; ji 2 E(t)g
is the setof arti cial transitionsof whicht; for component
may be generatedf the rateof synchronizedransitiont de-
pendsonthestatesof i. Let P bethelanguageof all strings
overA, andletP' P bethelanguageof stringsof length
I. Forary 2 P, (i) 2 A istheith elementandj jis
thelengthof thestring . Thus,P correspondso the setof
all pathsover which a modelmay evolve, andP' contains
all pathsof Iengthl Now considera specic path 2 P!,

andlet pg = U) petheinitial statedistribution vec-

J =1 pO
torandr = J_, r() betherewardvector Analogously let
(i)
Po

andr® bethemmal distribution andreward vectorsfor
component andlet denoteeither or basednwhether
rewardis computedy aproductor asumof constituentom-
ponentrewards.Thereward afterthetransitionof the pathis
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Note that each path at the componentlevel (as shavn
above) corresponddo a setof trajectoriesat the statelevel.
Further obsenethattherearecountablyin nitely mary paths
over which a modelmay evolve. Thus,althougha setof tra-
jectoriescanbe computedsimultaneouslyevaluatinga large
numberof pathsef ciently is still animportantperformance
conS|derat|ore2 The probab|I|ty of the path is given by

Prol( ) = 1 — where , = . The expected
rewardattime s andthe expectedaccumulatedeNard in the
interval [0; s) canthenbe computedoy
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Equationq3) and(4) statethatthe expectedrewardsarejust
weightedsumsof pathrewardsR( ) for all paths 2 P.
The lower andupperboundson the nite truncationsof (3)
and(4) canbe computedaccordingo the derivationin [6].

2.2. Algorithm for Exploring Paths

As shown in the previous section,a model may evolve
over mary paths. Exploring and computingthosepathsef-



ciently is a critical consideratiorin achieving good perfor
mance. Sincethe structuredpath-basedapproachs formu-
latedata higherlevel of pathabstractionye canusea partial
orderreductionmethodto reduceconsiderabljthe numberof
pathsthatthe approacthasto exploredirectly. In particular
the approachexploresonly canonicalpaths Eachcanoni-
cal pathis a representatie path of a setof equivalentpaths
inducedby a partial orderreductionrelation. Oncea canon-
ical path hasbeenexplored, all of the equivalent pathscan
be determinedfrom it inexpensvely (see[6] for detailson
the pathequivalencerelation). In additionto exploring only
canonicapathsanef cient algorithmoughtto reuseasmary
resultsfrom the computedcanonicalpathsas possible. The
algorithmsfor exploring canonicapathsandef ciently com-
putingequivalentpathsaredescribedelow.
Canonicalpathscan be explored througha de nition of
a lexicographicalorderamongthem. That is donethrough
the imposition of an order amongthe transitionsin A =

aand , = b ajb2 A, 2 P,then 5 islexi-
cographicallygreatetthan  if bis lexicographicallygreater
thana accordingo theorderingof thetransitionan A. Thus,
analgorithmfor exploring canonicalpathsconsideronly the
lexicographicallylargestpathamongasetof equivalentpaths.
More formally, we explore canonicalpathsin the follow-
ingway. Let TS = Ts [ ([ 121 EXt)) be the setof all
synchronizedransitions," be the null path, CP be the set
of canonicalpaths,andCP' be the setgf canonicalpathsof
lengthl. Then,CP°® = f"gandCP = ~, ,CP'. Forl > 0,

thesetCP' canbegeneratedexicographicallyin accordance
with

n
cP' = aj 2¢cP' L a2TsS_
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Usingthiscanonical-pattexplorationalgorithm,we canreuse
the computedresults(suchas the statedistribution vectors)
from pathsthat have alreadybeenexplored. The algorithm
usesadepth- rst explorationstrateyy to minimizetheamount
of requiredstorageby eliminatingthe needto storeall inter-

mediateresultsfrom thecomputectanonicabpaths.

Let card( ) bethe cardinality of the setof pathsequi-
alentto . Eachpath 2 CP representgard( ) pathsin
P whoserewards,probabilities andstatedistribution vectors
areall identical. For the computationof card( ), we de ne

the functionscs( ) andcl®( ), i = 1;:::;J, on pathsin
thefollowing way. Letcs(") = ¢l (") = 0and
C card( ) ifa2Ts_
cs( a = (a62Zrs™ (j D2T9),
cs( ) otherwise
8 (6)
_ < o )+1 ifa= I
cd®(C a=_0 ifa2 TS. 7)
© ol ) otherwise

The function cs( ) computesthe cardinality up to the last
synchronizedtransitionin , and cl)( ) countsthe lo-

cal transitionsafter the synchronizedransition. Both func-

tions togetherimplementa partial order reductionto com-

pute equivalentpathsin which the local transitionsbetween
two immediatesynchronizedransitionscanbe arbitrarily in-

terchanged.The algorithm usesthosefunctionsto compute
card( ) in thefollowing way:

kel

() 1
card( )=cs( ) ——2 (8)

el ()
j=1

In this sectionwe describedrie y how amodelis solved
throughthecomputatiorof variousattributevaluesatthepath
level. In the next section,we shawv how the new techniqueof
pathcompositioncan computethosevaluesmore ef ciently
atthesubpatHevel.

3. Algorithms for Path Composition and Path
Selection

We now presenthemaintechnicalcontribution of this pa-
per. This sectionis presentedn thefollowing manner First,
we give thejusti cation for how pathscanbecomposedrom
subpathsThisis doneby shoving how pathscanbe decom-
posedinto subpaths. Next, we shov how the subpathval-
uesarecomputedand,subsequenthhow they canbe usedto
computethe pathvalues. We then presenthe completeand
necessarilyef cient algorithm for composingthe subpaths.
Thelast partof this sectiondescribesan approacHor select-
ing importantpathsfrom the precomputedubpaths.

3.1. The Path-Comp osition Algorithm

The essencef the path-compositioralgorithmis thatit is
muchquicker to computepathsby composingsubpathghan
to computethe pathsthemselesdirectly asin (2), (3), and
(4). To thatend,we explain herehow they canbe composed
by shaving how they canbe decomposeihto subpathsl et
I; andl, bethe local transitionsfrom componentd and 2,
t; 1,04 beasynchronizedransitionbetweercomponentd and
2, andt; 4.54 beasynchronizedransitionthatdoesnot affect
componentsl and2. Therearethreegeneralcasesto con-
sider:

Casel: Giventhata pathconsistsof local transitionsonly,
suchasl; I, |1 I, wecandecomposé into two sub-
pathd; 1; andl, I, sincel; doesnotaffectcomponent
2 andsimilarly I, doesnot affectcomponent..

Case2: Giventhata pathconsistof affectingsynchronized
transitionssuchasly 12 ti1;09 11 |2, wecandecom-
poseit intotwo subpath$; ti1.o9 l1andly tiyog |2,
in whichwe computetheeffectof thesynchronizedran-
sition onthe componenténdividually.



Case3: Giventhata pathconsistsof non-afectingsynchro-
nizedtransitionssuchasly |2 tigsg 11 12, wecan
decomposé into two subpath$; 11 andl, |5, sincethe
synchronizedransitionhasno effectonthecomponents.

Thus,pathscanbecomposedhroughidenti cation of thesets
of subpathghat malke up the paths. Moreover, the subpaths
can be computedindividually and, thereafter characterized
by a few real values. We presentthe path-compositioral-
gorithmin detail in the next subsection.In the restof this
subsectionywe shav how the subpathvaluesarecomputed.

Let us assumefor the momentthat all componentsin
a model participatein all synchronizations. That assump-
tion canberelaxed easilylater without affecting the correct-
nessof the analysis; doing so now would unduly compli-
catethe discussignand the notationsused. De ne A() =
Ts  ( t2T s ti) flig to be the setof all transitionsthat
mayaffectcomponent. For agivenpath ,let () beaba-
sicsubpattof  consistingonly of transitionsin A(). Thus,

() istheprojectionof ontoA (),

As shawvnin [6], the statedistribution at the endof a path
is computedby the Kronecler productof thecomponentec-
tors. As aresult,we cancomputethe statedistribution vector
for component afterthetransitionof thesubpath () by

(i)

Mr (i) Y
p "= pg
k=1

() (k) » )

where

M (k) = 1

M(k)=tfort2 Ts

(k) = tj fori < j andt 2 Ts

if (k) =t;fort2 Ts
In otherwise

(k) =
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The state distribution vector after the transition of the

path is p[ ] = JapW[ W], and from (2),

the reward of the_path is computed by R[ ] =

row vector whereas () isacolumnvector If is  (i.e.,re-

Wardsarﬁzomputechsap[\?ductofcom nentewards).then
J J

R[ ]= = pi[ ) -1 r) = jJ:1 pW[ ),

When is , the computationis slightly more comple,
yielding
! !
J
R[] = N pi[ ()] . r()
j=1 j=1
P N ) N
= p(')[ (')] e:;i . r(J) eIJ
j:l i=1 1 |Il!
P . o o
= p (e Q pW[ (I)]egi
j=1 i=1;i6]

where e, is a row vector of length n with a!l elements
equalto 1. For notationalcorveniencede ne () ( (1)) =

Q

j=1:i6]
thattherewardfor thepath canbecomputedaseither

pMO[ O and O D) = pWI (J')]eﬁj such

Y ) X
RL1= OC®)or
i=1 i=1

M My O Oy: 10)

Similarly, the probability of a path can be de-
composed into the subpath probabilities due to the
local and synchronized transitions. The probabil-
ity of the subpath ,due to the local transitions is

ProbL( (i)) = (i) (i) i, and
k2f 1;::; g" (k)= 1i
the probabilia/ due to the synchronized transitions is

ProbS( )= "o 1 jg0 (k21 s — - Suchthat

\%
Proi )= ProbY ) ProbL( 1),
i=1

(11)

Thus,we canexploit redundantomputatioracrossmary
pathsto improve performancéy rst decomposinghe paths
into basicsubpaths.Variousreal valuesof the subpathsare
then precomputedand cached. Afterward, the subpathsan
becomposedandtheircachedvaluescanbe usedto compute
theboundson therewardscomputeday (3) and(4).

Beforewe introducethe algorithmfor composinghe sub-
paths,we presenta small exampleto shav the advantages
of an isolated computationand cachingof () ( (1)) and

M ). A modelthat hastwo componentsand a single
synchronizedransitiont thatcanbedisabledonly by the rst
componentvill beanalyzed.Thus,givenA = flg;l2;t; t19,
we considerthe setof pathsof length3, andwe assumehat

eachmatrix P,(') containsnz non-zerosandthatthe remain-
ing matricescontainnz=2 elementssuch that the effort it
takesto analyzea pathof lengthx equalsx nz. P2 con-
tains4® = 64 differentpaths,and sinceeachpathrequires
a computationakffort of 3nz, the overall costfor this naive
computatioris ontheorderof 192nz.

Obsene thatthe numberof pathsat the statelevel is usu-
ally muchlargerandthatevery pathin our approactusually
represents large numberof pathsatthe statelevel. By stor
ing intermediatevectorsp([ (1], onecanavoid having to
recomputethe vectorsmary times. Thus,if pathl.l;l; has
beenanalyzed,pathl;l;1, canbe computedwith a cost of
only nz. Froma computationapoint of view, the computa-
tion requiresa depth- rst traversalof the tree that describes
all possiblepaths.The numberof vectorsto be storedequals
the depthof the tree, which is acceptablesincethe vectors
have dimensionghat correspondo the sizesof the compo-
nent statespacesand not the overall statespace. Because
already-computetectorsarereusedthe numberof required
operationgs proportionalto 81nz. Exploitationof the partial
orderreductionreduceghe numberof pathsfrom 64 to 52.
The effect of the reductionis relatively small for this exam-
ple, sincethe pathlengthis shortandwe consideronly two
componentsThus,only thesequencesf localtransitionscan



bereorderedfor example,l1l1l2, 11211, andl,l1l; areequiv-
alentpaths,andthe rst is thecanonicapath.If intermediate
resultsarereusedthe costof the pathcomputatiorusingthe
canonicabpathsis proportionalto 76nz.

If we considerlocal pathsfor the componentsthenthe
rst componentescribes® = 27 paths. For the estimation
of the computationatost, recallthatat the componentevel,
the multiplication of a vectorwith a matrix describinga syn-
chronizatiorrequiresaneffort in 0:5nz ratherthannz. Since
thereis 1 pathwith 3localtransitionsthereare6 pathswith 2
localtransitionsthereare12 pathswith 1 localtransition,and
thereare8 pathswithoutlocaltransitionsthetotal costis pro-
portionalto 54nz. Additionally, sincevectorsat the compo-
nentlevel canbereusedthecostcanbereducedo 26nz. For
thesecondtcomponentywe have only two differenttransitions,
becausehe synchronizedransitioncanbe disabledonly by
the rst componentThus,thereare8 differentpaths,andthe
computationaktostis proportionalto 18nz without reuseof
intermediatevectorsandis proportionalto 10:5nz with reuse
of the vectors. If we reusevectors,thenthe overall costis
proportionalto 36:5nz. Afterward, all values (( (1)) and

(M () areknown for local pathswith lengthsupto 3. The
valuescanbe usedin (10) for the computationof the reward
values.

Obsenrethatusingthelocal pathswith lengthsupto 3, it is
possibleto computerewardsfor all global pathswith lengths
lessthanor equalto 3 andalsosomeotherglobal pathswith
lengths4, 5, and6. Computingthoseadditionalglobal paths
of lengthsgreatethan3 is inexpensve,andit helpsto tighten
thelower boundsfurther. To provide a fair comparisorwith
our previous work, however, our implementatiorof the path
decompositioralgorithmdoesnot take advantageof theaddi-
tional globalpaths.Theresultswe presenin Section4 shov
the performancecomparisorup to the samepathlengthsfor
bothimplementations.

In this smallexample the effect of local pathcomputation
is a reductionof the computationaleffort by a factor of 2.
However, with anincreasingpathlength,anincreasinghum-
berof componentsandanincreasingiumberof synchronized
transitions,the effect grows exponentially In the following
section,we introducean algorithmfor ef cient computation
of rewardsfor global pathsfrom theresultsof local subpaths.

3.2. Algorithms
Subpaths

for Ecien t Comp osition of

We have shawvn how pathscanbe decomposedhto sub-
pathsandhow the subpathvaluesare computed.In orderto
gainthe bene ts of the path-compositioralgorithm,we must
have aneffective strateyy for exploringthesubpath&ndcom-
posingthemef ciently. Thereare several stratgiesfor ex-
ploring and computingthe basicsubpaths.Either they may
all beprecomputedbeforeany computatiorof rewardbounds
begins, or they may be computedwhenrequiredduring the
computationof the bounds. In both casesthe storagecom-
plexity is combinatorialin the numberof subpaths.With so
mary pathsto considey the selectionof the valid subpaths
to composses alsoexpensve. We now describean ef cient
algorithmfor precomputingandcomposinghe subpaths.

Insteadof computingand storing all of the subpathsen
massewe cancomputeand storesetsof themin stages.At
eachstage,we identify a set of subpathghat are compos-
able with eachotherand computeonly those. Subpathsare
composablevhenthey have the samelongestcommonsub-
sequencéLCS) [3] of synchronizedransitions. In orderto
simplify the computation,we assumethat the synchronized
transitionscannotbe transposegasteachother, so that the
LCS is unique. Thus, we can partition the set of all sub-
pathsinto classesof composablesubpathswith eachclass
characterizedby a sequencef synchronizedransitions.For
example, supposety;ty;ts 2 TS are synchronizedtran-
sitions. Then, the classof composablesubpathshat have
thesequencéty;ty;taiisfl;  to It Ij  tz |j g,
wherel; denoteszeroor moreoccurrencesf thelocal tran-
sitionof component (1 j J).

More formally, given a sequencef synchronizedransi-

the classof composablesubpathscorrespondingo the se-
quences

.0
Ij k,(.lj) .

() = |jk(oj) t, 1< g, Ijk(zj) ot :
12)
For eachsubpath () 2 CS(hy;:::;t,i;L), we needto
precomputeand store only one or two real values,namely
M )y and O G)). The probability of the subpathis
givenby
K

Prodi)(K) = i (13)

andthe probability of the synchronizedransitionsequals

Qn
k=l e (14)

Probqt;:::ty) = -

Each path that is composedirom somesubpathsn the
classCS(ht1;:::;thi ;L) canbe consideredas a canonical
paththatrepresenta setof equivalentpaths.Computingthe
numberof equivalentpathsusingthe new algorithmis now
straightforward(ascomparedo (8) in Section?.2). Thenum-
berof equivalentpathsis simply

jht:l&Z tadj P J
j=1
ST (15)

i=0 j=1 ki(])!

(|

which follows from the numberof possiblereorderingof the
local transitionsbetweertwo immediatesynchronizedransi-
tions.

Using (10), (13), (14), and(15), we cannow computethe
expectedinstantaneouseward for amodel. Let  betheset
of all sequencesf synchronizedransitions. Then, the ex-



pectednstantaneouswardis computedby

X
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\J (i) k(i)
ko’ ..., j
(1) |j0 TR H,|j11
j=1
(16)

whentherewardis computedrom the productof component
rewards.For anadditive reward, we mustusethe summation
of (10) insteadof the last productin (16). The equationgor
the expectedaccumulatedeward canbe derivedin a similar
manner

In summarythe algorithmworks by generatinghe setof
sequencesf synchronizedransitions.For eachsequencea
classof composablsubpathss explored,andtheirvaluesare
precomputedsing(10) and(13). Afterward,thesubpathsre
composedandtheir valuesareusedto computethe expected
reward of a model. The subpathsn a classof composable
subpathsnay be exploredusinga depth- rst strategyy similar
to that discussedn Section2.2 to minimize the amountof
memoryusedto storeintermediataesults. The algorithmis
storage-etient becauseluring eachstageof the computa-
tion, only two realvaluesfor eachsubpatharestored.More-
over, it is computationallyef cient becauseachsubpathasa
redundantomputationacrossmary paths,is computedonly
onceandreusedmary times.

3.3. An Approac h for Selecting
Subpaths

Imp ortan t

Althoughtherearemary pathsto consideyalargenumber
of themoften contrikute little or no reward toward the com-
putationof the boundson the solution of a model. We can
thus speedup the computationfurther by identifying impor-
tant pathsanddiscardingthosethat contritute little or noth-
ing towardtighteningof the bounds.While pathselectiorhas
beenconsideredy otherresearchergur approachs new in
thatit baseghe selectionon additionalinformationavailable
from thecomputedsubpaths.

Thereareseveralsubpattfactorsthatdirectly affectthere-
ward contribution of a path. With respecto (16), oneof the
main factorsis the subpathreward ()( ()). If a subpath
haszeroreward, all pathscomposedrom it also have zero
reward. Usingthis insight, we canimprove the performance
of the computationif we canidentify efciently thosesub-
pathsthatcontributeno rewardanddiscardthemfrom further
computation.

Startingfrom (9) and(10), we notethat () ( (D) canbe
computedef ciently by rst computingthe projectionof a
componentewardvectorr () ontocomponent. Thatyields
a projectedreward vectorthat canbe cachedandreusedre-
peatedly Next, when subpathsare being explored, we can

computetheir reward valuesef ciently by meansof a scalar
productof the subpathstatedistribution vectorandthe pro-
jectedrewardvector In compleity terms,thatincursa cost
of O(n;) ratherthanO(n?), wheren; is the sizeof the state
spaceof component.

Weimplementtheapproactby computingall projectede-
ward vectorsand cachingthem beforeary subpathis com-
puted. As the subpathsare explored, the projectedreward
vectorsareusedto computehesubpathrewardvalues.Those
subpathdhat contribute non-zeroreward valuesareretained
for compositionwith other subpathsithe restare discarded
immediately Whena zero-ravard subpathis discardedwe
keepthe implementatiorsimple by alsodiscardingthe suc-
cessve subpathghat canbe generatedrom the zero-revard
subpath.Thoughthediscardedsuccessie subpathsnayhave
non-zerarewardvalues their contributionstowardtightening
the boundsappeato be negligible in our experiments.n the
next sectionwe shaov exampleresultsthatareobtainedusing
thisapproach.

4. Numerical Results

We evaluateour algorithmby studyingits performancen
analyzingtwo modelswith very different characteristics:a
model of a distributed information service systemadapted
fromthemodelin [8] andamodelof amediamulticastsystem
inspiredby thework of Chuetal. [2]. In theformermodel,we
evaluatethe reliability and availability of the system;in the
lattermodel,we evaluatethe performabilitypropertiesof the
correspondingystem. Moreover, the latter modelhasmore
componentsa largerstatespaceandtightercouplingamong
the components.After describingthe systemsin detail be-
low, we presentthe performanceesultsand comparethem
with theresultsobtainedusingour earlierapproactdescribed
in [6].

4.1. Mo del Description of the Distributed
Information  Service System

We augmentheoriginal modelof thedistributedinforma-
tion servicesystemwith synchronizedransitionsamongthe
componentdo describehow faults are propagatedhrough
the system. In addition, we increasethe numberof front-
endmodulesin orderto modelthe occurrenceof afault only
whenamajority of themodulesarecorrupted We alsomodel
doubleredundang in the processingunits by addingan ad-
ditional modulefor every modulein the original processing
units. Theseadditionsquickly increasehe sizeof our model,
resultingin amodelwith approximately2:7  10'® statesso
large that it could not have beenanalyzedusing traditional
techniqueshut canbeusingour approach.

The model consistsof six front-end modulesthat inter-
act with four processingunits. Each processingunit con-
sistsof redundantomponentsincludingtwo processorswo
switches,two memory units, and two databases.Each of
the componentdasits own repair facility. All of themgo
throughthe cycle of Working, Corrupted Failed, and Re-
paired The stodasticactivity network(SAN) modelof the
systemis shavnin Fig. 1.



Figure 1. SAN model of a distrib uted information service system.

Faultpropagationn the systems modeledasfollows:

When a majority of the six front-endmodulesare cor-
rupted, the front-endis consideredfaulty, and it may
propagatehe error to ary of the four processingunits
in which thereare two working processors.Propaga-
tion occursvia the synchronizedhctiities betweenthe
front-endandtheprocessori theprocessinginits. The
front-endor ary of the processorsnay disablethe syn-
chronizedactuwities. After propagatingthe error to a
processingunit, the front-endmay remainin the faulty
stateand continueto propagateerrorsto otherprocess-
ing units until the majority fails or arerepairedor there
areno more processingunits to which the error canbe
propagated.

Whenbothprocessori aprocessinginit arecorrupted,
they both may propagatethe error to their working
switchesvia asynchronizeéctivity. Any of theinvolved
componentsnay disablethe synchronizedactiity. Af-
ter the error propagationthe processorsnay remainin
the corruptedstateuntil they fail.

Whenboth switchesof a processingunit are corrupted,
they may propagateheir errorsto the working memory
unitsvia a synchronizedactiity. Any of thesecompo-
nentsmay disablethe actiity. After propagatingheer-
ror, the switchesmayremainin the corruptedstateuntil
they fail.

When both memoryunits of a processingunit are cor
rupted,they may propagateheir errorsto the working
databasesgia asynchronizedctvity. Any of thesecom-
ponentsmay disablethe actiity. After propagatinghe
error, the memory units may remainin the corrupted
stateuntil they fail.

We vary actvity ratesin the submodelsand amongthe
synchronizedctiities, sotheresultingmodeldoesnot have
symmetriesthat would allow it to be lumped. Becauseof
spaceconstraintsyve do not list the ratesusedfor the model
here.In total, the modelhas5 submodel¢§modeling38 com-
ponentsiand4 synchronizedctivities. Becauseachcompo-
nenthasthreestatesthe statespaceof the whole modelhas
2 3% 2.7 108 states. We computedthe reliability
of the systemover the interval [0; 1:0], the point availabil-
ity attime 0:1, andthe interval availability over the interval
[0:0; 0:1] whenall componentin themodelwerein thework-
ing state.

4.2. Mo del Description of the Media

Multicast System

The SAN modelof the mediamulticastsystemis shovn
in Fig. 2. The modelis parameterizedy mary variables,
such that by varying the parameterdor the actvity rates
and buffer sizes,we can measurehe sensitvity of the sys-
tem and the likelihood that it will experiencebuffer over
ow. In addition, we can also computethe probability of
having to ush the frame buffers when the systemis cor-
rupted.Themodelconsistsof asource(CMU) thatmulticasts
framesto theclientsBerkeley, UIUC1, andUWisc. Berkeley
andUIUC1, in turn, multicastthe framesfurtherto UCSB,
UIUC2, andUKY. Note that UWisc synchronizeonly with
CMU; Berkeley is more tightly connectedwith CMU and
UCSB; and UIUC1 must synchronizewith CMU, UIUC2,
andUKY. The completemodelhasserensubmodelaindap-
proximatelyl:9 10°° states.

Framesareinitially generatedy the source,CMU. The
tasksof the clients areto decodethe frames,processthem
(perhapsaddingmoreinformationto them),andencodehem
for furthermulticast. All of thesecomponentsnaybein ary



Figure 2. SAN model of a media multicast system.

oneof the operational corrupted,or failed modesat ary in-

stantof time, and they all have their own repair facilities.
They may transmitframesonly whenthey are operational.
Whenthey arecorruptedtheir framebuffersare ushed, be-
causethe storedframesare presumablycorruptedalso. The
transmittedramesare droppedwhenthe clients' buffersare
full.

Thus, the sensitvity of the systemdependson the buffer
sizes,the transmissiorrates,andthe processingatesof the
components.By varying theseparameterswe cancompute
the probability of having a buffer over ow or buffer ushing
at sometime after the systemhasbeenin operation. In the
next section,we presentnumericalresultsfrom our experi-
mentalevaluation. The resultsare not meantto be represen-
tative of ary real system sincethe parametersve usedwere
nottakenfrom arealsystem.They do shav, however, thatthe
parameterare interdependenandthat our algorithmworks
correctlyin computingtheresultsfor thevariedparameters.

4.3. Exp erimen tal Evaluation

We conductedall of our experimentson aworkstationthat
hadthe AMD Athlon XP 2700+ processorunning at 2:17
GHz with 1:0 GB of RAM. The operatingsystemwas Red
Hat Linux 9.0 with mountedle systems.We compiledour
implementatiorusingthecompilerg++ 3.3with optimization
ag -O3only.

For the model of the distributed information service
system, the Mobius simulation results are 0:99883
2:11883414 10 * for the point availability, 0:099934
1:340263 10 ° for theinterval availability, and0:98616
7:241023 10 “ for reliability. Theseresultswereobtained
ata95%con dencelevel.

For the modelof the mediamulticastsystem the Mdbius
simulationresultsare0:925 1:63 10 2 for theprobability

thatthe systemwill experiencea buffer over ow and0:365
2:99 10 2 for the probability thatthe systemwill have to
ush its framebuffersdueto a systemfailure. Theseresults
werealsoobtainedata 95%con dencelevel.

Tablesl and2 shaw theresultsfor the availability andreli-
ability measuregespectiely, of the modelof thedistributed
information servicesystemcalculatedusing our path-based
approach. Note that the lower and upper boundsfor each
measureorvergeasthe pathlengthincreaseshecausenore
pathsare computed. Although the path-selectiorapproach
discardszero-ravard subpathsandtheir successie subpaths,
the boundvaluesfor this particularmodelarenot affectedup
to the seventhsigni cant digitsin ary of the experimentswve
performed.ColumnBasicAlgorithm Time (sec)lists thetime
takento evaluatethe modelthroughthe useof the path-based
approachdescribedn [6]. ColumnPath DecompositiorEn-
hancedAlgorithm Time (sec)lists thetime taken usingof our
new algorithm, which makesuseof the path-decomposition
andpath-selectioschemeslescribedn this paper As shavn
in the time columnsfor both the availability and reliability
results,our new algorithmachievesapproximately80% per
formanceimprovementrelative to the previousalgorithm. As
thepathlengthgetslonger, thealgorithmperformsbetter For
example,at the pathlengthof 6 for the availability results,it
achievesalmost85% improvement;at the samepathlength
for thereliability results,it achieves87% improvement. We
donothave thetiming resultfor thebasicapproactatthe path
lengthof 7, becausédt takestoolongto compute.

Tables3 and 4 shaw the resultsfor the probabilitiesof
buffer over ow and buffer ushing, respectiely, for the
model of the mediamulticastsystem. For this model, the
valuesof the boundscomputedby the basicapproactandby
thenew algorithmdiffer somavhat. We list the valuesof both
boundsin the tablesfor comparison.In orderto understand
betterthe ratesof corvergenceof the bounds,we provide a



Table 1. Numerical results for availability
LowerBound | UpperBound | LowerBound | UpperBound PathDecomposition
Path Point Point Intenal Intenal BasicAlgorithm [6] | Enhancedhlgorithm
Length Availability Availability Availability Availability Time (sec) Time (sec)
1 2.519650e-01| 9.998975e-01| 6.261971e-02| 9.998443e-02 1.62 0.01
2 4.978311e-01| 9.996229e-01| 8.131310e-02| 9.996355e-02 1.88 0.08
3 7.174581e-01| 9.992548e-01] 9.180509e-02] 9.994597e-02 4.88 0.87
4 8.645992e-01| 9.989260e-01| 9.680362e-02| 9.993480e-02 42.25 8.88
5 9.434621e-01] 9.987056e-01| 9.885818e-02| 9.992906e-02 504.81 92.18
6 9.786854e-01| 9.985875e-01| 9.959795e-02| 9.992657e-02 6135.23 934.25
7 9.921700e-01| 9.985347e-01| 9.983439e-02| 9.992565e-02 — 9673.85
Table 2. Numerical results for reliability

PathDecomposition

Path LowerBound | UpperBound | BasicAlgorithm[6] | Enhancedilgorithm

Length Reliability Reliability Time (sec) Time (sec)

1 6.522987e-01] 9.955666e-01 1.26 0.00

2 8.661349e-01] 9.902090e-01 1.52 0.08

3 9.517685e-01| 9.869717e-01 4.41 0.72

4 9.774886e-01| 9.856676e-01 40.38 7.30

5 9.836687e-01| 9.852736e-01 487.09 74.02

6 9.849062e-01| 9.851784e-01 5990.44 759.56

7 9.851185e-01| 9.851592e-01 — 7763.17

Table 3. Numerical results for the probability of buffer overo w
Basic Basic Enhanced Enhanced PathDecomposition
Path Algorithm Algorithm Algorithm Algorithm BasicAlgorithm [6] | Enhancedhlgorithm
Length || LowerBound | UpperBound | LowerBound | UpperBound Time (sec) Time (sec)
1 1.492972e-01] 9.962873e-01] 1.492972e-01] 9.962873e-01 0.21 0.00
2 3.341998e-01| 9.840578e-01| 3.341998e-01| 9.840578e-01 0.25 0.02
3 5.345312e-01| 9.644779e-01| 5.339680e-01| 9.639147e-01 0.89 0.19
4 6.978060e-01| 9.437606e-01] 6.958400e-01] 9.417942e-01 10.42 2.05
5 8.045237e-01| 9.273265e-01| 8.007710e-01] 9.235738e-01 152.80 22.71
6 8.627557e-01| 9.168673e-01| 8.574547e-01] 9.115663e-01 2266.00 257.59

Table 4. Numerical results for the probability of buffer ushing
Basic Basic Enhanced Enhanced PathDecomposition
Path Algorithm Algorithm Algorithm Algorithm BasicAlgorithm [6] | Enhancedhlgorithm
Length || LowerBound | UpperBound | LowerBound | UpperBound Time (sec) Time (sec)
1 1.177836e-01] 9.647736e-01] 1.177836e-01] 9.647736e-01 0.15 0.00
2 2.146505e-01| 8.645084e-01| 2.148119e-01| 8.646698e-01 0.18 0.02
3 2.903990e-01| 7.203457e-01| 2.909466e-01] 7.208933e-01 0.62 0.17
4 3.348248e-01| 5.807794e-01| 3.358348e-01| 5.817894e-01 7.09 1.89
5 3.556691e-01| 4.784719e-01| 3.570485e-01| 4.798513e-01 103.90 20.74
6 3.638190e-01| 4.179306e-01| 3.654202e-01| 4.195318e-01 1564.00 229.20
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Figure 3. Comparison of convergence rates between the basic algorithm and the enhanced algorithm.

graphicalcomparisorof the corvergenceratesin Fig. 3.

5. Summary

Even though existing path-basedechniqueshave been
shavn to be effective in reducingtheamountof memorynec-
essaryto analyzevery large models,they arestill limited in
the size of problemsthey cansolve, dueto the large number
of pathsthatoftenneedto be exploredto obtaintight bounds
onameasureThispapempresenteénovel approactor com-
puting pathsbasedon the ideaof pathcomposition.Instead
of computingpathsdirectly, theapproachrst computegos-
sible subpathdor eachcomponeniof a model. The setsof
subpatharethencomposedo exploremary pathssimultane-
ously. Effectively, thisapproacteliminatesedundantompu-
tationexpendedn computingcommonsubpath$oundacross
multiple paths.Furthermorewe shavedhow apath-selection
approachworks seamlesslyith the path-compositioralgo-
rithm to nd importantsubpathsfciently. As aresult,we
were able to achieve a speedupof 6:6 to 8:8 timesfor two
benchmarkmodels. To the bestof our knowledge,our work
isthe rst to proposeheuseof pathcompositiorfor theanal-
ysisof Markov models.Theseémprovementsnakeit feasible
to evaluateef ciently modelsof practicalsystemghataresig-
ni cantly largerthancould previously be handled.
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