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Abstract

Continuous-time Markov chains (CTMCs) have been
used successfully to model the dependability and performa-
bility of many systems. Matrix diagrams (MDs) are known
to be a space-efficient, symbolic representation of large
CTMCs. In this paper, we identify local conditions for ex-
act and ordinary lumpings that allow us to lump MD rep-
resentations of Markov models in a compositional manner.
We propose a lumping algorithm for CTMCs that are rep-
resented as MDs that is based on partition refinement, is
applied to each level of an MD directly, and results in an
MD representation of the lumped CTMC. Our composi-
tional lumping approach is complementary to other known
model-level lumping approaches for matrix diagrams. The
approach has been implemented, and we demonstrate its
efficiency and benefits by evaluating an example model of
a tandem multi-processor system with load balancing and
failure and repair operations.

1 Introduction

Model-based evaluation of computer and communica-
tion systems is often done through simulation. In many
cases, the desired results could, in principle, also be de-
rived through analysis of the underlying CTMCs; however,
in practice, the size of the systems of equations that would
need to be solved is prohibitive. This “largeness problem”
has motivated much research in the construction and numer-
ical solution of CTMCs. State-space lumping (e.g., [2, 13])
is a well-known approach that reduces the size of a CTMC
by considering the quotient of the CTMC with respect to
an equivalence relation that preserves the Markov prop-
erty and supports the desired reward measures defined on
the CTMC. By solving the smaller lumped CTMC, we can
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compute exact results for the larger CTMC, and therefore
measures of interest for the model. We classify the many
publications on lumping into three categories.

State-level lumping applies directly to a given genera-
tor matrix Q of a CTMC and computes Q̃ of the lumped
CTMC. It yields an optimal partition, i.e., the smallest pos-
sible lumped CTMC. However, the size of Q limits its ap-
plication. Efficient algorithms have been designed, e.g., see
[9] for the fastest known algorithm.

Model-level lumping is used to generate Q̃ directly from
a model description. Hence, it is specific to a modeling
formalism. The approach is based on symmetry detection
among components of a compositional model. Results are
known for a variety of formalisms, such as stochastic well-
formed networks (SWN) [4, 8], stochastic activity networks
[18], stochastic automata networks [1], and Kronecker rep-
resentations, among others. While the second approach
manages to avoid processing a large matrix Q, it is lim-
ited to those symmetries that can be identified from a given
model description. Hence, in general, it does not obtain an
optimal lumping, unlike the first approach.

Compositional lumping applies the state-level lump-
ing approach to individual components of a composi-
tional model. The original components are replaced by
lumped and “equivalent” components during generation of
Q̃. Like model-level lumping, this approach is formalism-
dependent; specifically, it relies on properties of the compo-
sition operators. For instance, based on the fact that lump-
ing is a congruence with respect to parallel composition
in a number of process algebra formalisms and stochastic
automata networks (SANs), compositional lumping can be
used in those formalisms, e.g., see [12, 3].

Note that in principle, approaches from different cate-
gories can be combined. For example, a compositional ap-
proach may yield smaller lumped components that can then
be fed to a model-level technique for further reduction of
the CTMC. Finally, state-level lumping can be applied to
obtain optimal reduction of the resulting matrix.

Despite all the state-space reductions the techniques
mentioned above offer, they may still yield a very large ma-
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trix Q̃. Symbolic data structures like multi-terminal binary
decision diagrams (MTBDD) and matrix diagrams (MDs)
as well as Kronecker representations are suitable for repre-
senting Q in a space-efficient manner for numerical analy-
sis. In particular, MD representations of Q [6] can be de-
rived directly from many formalisms with the help of a sym-
bolic state-space exploration as well as from a given sparse
matrix or Kronecker representation of Q; see [16] for a re-
cent overview paper on symbolic representations. Genera-
tion of an MD for models with state spaces on the order of
101000 states can be achieved, thanks to symbolic data struc-
tures and the so-called “saturation technique” [5]. However,
the numerical solution is limited to models with state spaces
on the order of 108 states, with iteration vectors being the
bottleneck for space. There are only a few results that ad-
dress the problem of lumping of Markov chains represented
as MDs. In [10], a model-level lumping technique is pro-
posed for MDs that result from state-sharing compositional
models. Like other model-level lumping techniques that can
only exploit lumpings that occur due to symmetric compo-
sition of components, our technique in [10] can only find
symmetries that occur in MD levels that correspond to iden-
tical components of a model. To the best of our knowledge,
there is no algorithm that can exploit lumpings in the indi-
vidual levels of an MD.

In this paper, we present a new compositional lumping
algorithm that is useful for exact and ordinary lumping of
Markov chains represented as MDs without knowledge of
the modeling formalism from which the MDs were gener-
ated. Our approach relies on local conditions, i.e., condi-
tions on individual levels of the MD. Since our algorithm lo-
cally processes MD nodes that are dramatically smaller than
the matrix represented by the MD, it is computationally in-
expensive (compared to state-space generation and numeri-
cal solution) at the price that it does not necessarily achieve
an optimal lumping for the overall CTMC. As we will see
in Section 5, our algorithm significantly reduces the space
and time requirements of MD-based numerical solution al-
gorithms while incurring a negligible time overhead. Our
compositional technique is complementary to the model-
level lumping presented in [10]. In other words, we can
apply compositional and model-level lumping techniques
simultaneously on a compositional model whose underly-
ing CTMC is represented as an MD. Our work is related to
[11] in that we argue on the level of a block structured ma-
trix to observe lumpability, but unlike [11], is not limited to
Kronecker matrices and stochastic automata networks. It is
related to [3] in that we have a local condition but do not
separate local and synchronized actions as was done for the
automata theoretic approach in [3].

The paper is organized as follows. We recall basic defin-
itions in Section 2. In Section 3, we present the main result
of the paper, which is two theorems in which lumpability

conditions on the matrices of a single level of an MD are
proved to be sufficient for the entire MD to be lumpable.
Section 4 presents an algorithm that lumps the MD of a
CTMC level by level, and Section 5 analyzes a tandem
multi-processor system model to illustrate the applicability
and benefits of the approach.

2 Background and Definitions

In this section, we recall fundamental definitions. For
notation, all matrices and vectors are typeset with bold char-
acters (upper-case letters for matrices and lower-case letters
for vectors), and their rows and columns are indexed start-
ing from 1. The element of matrix A(n×m) (of size n×m)
in row i and column j is referred to as A(i, j). For a matrix
A(n×m), rs(A) = B(n×n) is a diagonal matrix such that
B(i, i) =

∑
1≤j≤m A(i, j). Sets are assumed to be finite.

We specify a CTMC by a state space S = {1, . . . , |S|}
and a state transition rate matrix R, or a generator matrix
Q = R − rs(R), in which R(i, j) is the rate of the transi-
tion that changes the state of the CTMC from i to j. Con-
sider a partition P = {C1, . . . , C�n} of S. C1, · · · , C

�n are
the equivalence classes of partition P , or in short, classes of
P . Any two states x, x̂ in a class Ci of P are called equiva-
lent, and that is indicated by x ≈ x̂.

Often, the final goal of a CTMC analysis is not the
computation of the stationary or transient probability of its
states. Instead, it is the computation of high-level mea-
sures such as performance, dependability, and/or availabil-
ity. Many of those high-level measures can be computed us-
ing reward values associated with each state of the CTMC
(i.e., rate rewards) and the stationary and transient proba-
bility vectors. By incorporating rate rewards and an initial
probability vector with the CTMC, we obtain an MRP.

Definition 1. A Markov reward process (MRP) M is a 4-
tuple (S,Q, r, πini) where S = {1, . . . , |S|} is the state
space of a CTMC, Q(|S|×|S|) is the generator matrix of the
CTMC, r is a row vector r (each of size |S| assigning re-
ward value r(i) to state i), and πini(i) is the probability that
the CTMC is in state i at time 0 (1 ≤ i ≤ |S|). �

Given an MRP and a number of high-level measures ex-
pressed in terms of r and πini, we can compute the measures
by numerically solving the underlying CTMC. The larger
the state space of the CTMC, the more time-consuming that
numerical solution will be. Sometimes a lumped CTMC
can be used to obtain the desired measures. That can only
be done if the MRP that is based on that CTMC satisfies a
set of conditions. Three of the most important sets of condi-
tions (and the types of lumpings they lead to) are outlined in
Definition 2. The lumped MRP, which includes the lumped
CTMC, is obtained using Theorem 2. For a compact no-
tation, we use the identities A(i, C) =

∑
j∈C A(i, j),

2



A(C, j) =
∑

i∈C A(i, j), and a(C) =
∑

i∈C a(i), in
which C is a set of valid column or row indices.

Definition 2. Consider an MRP M = (S,Q, r, πini) and a
partition P of S. Then, with respect to P , M is
1. ordinarily lumpable if Q(s, C′) = Q(ŝ, C′) and r(s) =
r(ŝ) for all C, C′ ∈ P , all (equivalent states) s, ŝ ∈ C.
2. exactly lumpable if Q(C′, s) = Q(C′, ŝ) and πini(s) =
πini(ŝ) for all C, C′ ∈ P , all (equivalent states) s, ŝ ∈ C.�

In Definition 2, we gave lumpability conditions in terms
of Q. Since we will use the R matrix in the following,
we state the lumpability conditions in terms of R instead
of Q. Theorem 1 specifies such conditions. Strictly speak-
ing, Definition 2 defines lumping for an MRP and not for
the CTMC embedded in it. However, in the rest of the pa-
per, we will also speak of lumping of CTMCs, of their cor-
responding Q or R matrices, of the MD representation of
those matrices, or of nodes and levels (defined in Section
3) of the MD, under the assumption that the reward vectors
and initial probability distribution are such that they satisfy
the requirements of Definition 2.

Theorem 1. Consider an MRP M = (S,Q, r, πini) such
that Q = R − rs(R) where R is the state transition rate
matrix of the CTMC of M . Then, with respect to a partition
P , M is
1. ordinarily lumpable if R(s, C′) = R(ŝ, C′) and r(s) =
r(ŝ) for all C, C′ ∈ P , all (equivalent states) s, ŝ ∈ C.
2. exactly lumpable if R(C′, s) = R(C′, ŝ), R(s,S) =
R(ŝ,S), and πini(s) = πini(ŝ) for all C, C′ ∈ P and all
(equivalent states) s, ŝ ∈ C.
Proof. (a) By the definition of Q, we have Q(s, C′) =
R(s, C′) = R(ŝ, C′) = Q(ŝ, C′), if s, ŝ �∈ C′. If s, ŝ ∈
C′, we have Q(s, C′) = R(s, C′)−R(s,S) = R(s, C′)−∑

C′′∈P R(s, C′′) = R(ŝ, C′) − ∑
C′′∈P R(ŝ, C′′) =

Q(ŝ, C′) since condition (a) holds for all C′, C′′ ∈ P .
(b) Similarly, if s, ŝ �∈ C′ the result is immediate. Oth-
erwise, Q(C′, s) = R(C′, s) − R(s,S) = R(C′, ŝ) −
R(ŝ,S) = Q(C′, ŝ) since R(C′, s) = R(C′, ŝ) and
R(s,S) = R(ŝ,S). �

Note that the converse of Theorem 1 does not hold, since
Q tolerates different rates for self-loops of equivalent states
while those rates are distinguishable in R. Now that we
know when a partition satisfies the ordinary and/or exact
lumpability conditions, we need to know how to derive a
lumped MRP.

Theorem 2. Let M = (S,Q, r, πini) be (ordinarily
or exactly) lumpable with respect to a partition P =
{C1, . . . , C�n} of S. Then M̃ = (S̃, Q̃, r̃, π̃ini) is the
lumped MRP such that S̃ = {1, . . . , ñ}
Q̃(̃i, j̃) =

{
Q(i, C

�j) for arbitrary i ∈ C
�i (ordinary)

Q(C
�i, j) for arbitrary j ∈ C

�j (exact)

r̃(̃i) = r(C
�i)/|C�i| and π̃ini(̃i) = πini(C

�i).

For a proof of Theorem 2, we refer to [2]. Using Theorem 2,
one can show that all reward measures of M that are based
on r and πini can be computed using r̃ and π̃ini.

3 Compositional Lumping of MDs
In this section, we first define MDs [6, 15] and introduce

a notation for them. Then, we describe the concepts based
on which the compositional lumping works. In particular,
we will describe a set of sufficient lumpability conditions on
the nodes of one level of the MD, and prove that it satisfies
lumpability conditions on the overall MD.

An MD [6] is a symbolic data structure that repre-
sents real-valued matrices. MDs are related to MDDs
(Multi-valued Decision Diagrams), edge-valued decision
diagrams, and Kronecker representations [17]. MDs have
proven to be particularly useful in representing large state
transition matrices of compositional Markovian models.
Refer to [6, 15] for details on MDs and algorithms for ma-
nipulating them. The formal definition of MDs that we use
in the following is slightly different from that in [6, 15].
The resulting data structures remain the same, but the for-
mal treatment is more concise.

An ordered MD is a connected directed acyclic graph
(DAG) with a finite number of nodes and a unique root
node. Each node in an MD has a unique index. We refer to
the node with index n as Rn. R1 is the root node. All paths
from R1 to any given node are of the same length. Conse-
quently, the set of nodes can be partitioned into L subsets,
called levels of the MD, based on their distance from the
root node. Nodes in level i ∈ {1, . . . , L} have distance
i − 1 from the root node, and the set of their indices is rep-
resented by Ni. The top level (level 1) has only the root
node in it, i.e., N1 = {1}. By the definition of levels, arcs
only connect nodes of adjacent levels i and i + 1.

Rni , a node at level i (ni ∈ Ni), is a matrix whose
row index set Sni and column index set S′

ni
are subsets

of a finite index set Si that is the same for all nodes at

level i1. R
(Sni

×S′
ni

)
ni indicates that Sni and S′

ni
are re-

spectively the row and column index sets for Rni . As a
result, we can refer to row si ∈ Sni , column s′i ∈ S′

ni
,

or entry (si, s
′
i) of Rni . Matrix entries are finite formal

sums Rni(si, s
′
i) =

∑
ni+1∈Ni+1

rni,ni+1(si, s
′
i) · Rni+1

with real values rni,ni+1(si, s
′
i) and references to nodes at

level ni+1, if i �= L. At level i = L, Rni(si, s
′
i) is a

real value, and therefore Rni is a real-valued matrix. Terms
rni,ni+1(si, s

′
i) ·Rni+1 with rni,ni+1(si, s

′
i) �= 0 correspond

to an arc from node Rni to Rni+1 . We assume that the MD
is reduced, i.e., at any level i, no two nodes are equal. Oth-
erwise, one node can be removed, and references at level
i − 1 can be appropriately renamed. The assumption that
the MD has been reduced is the basis of the efficiency of

1Matrices of different dimensions may result from the computation of
reachable state space by projections on an MD.
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the MD data structure. In MD theory, the removal of dupli-
cates is called “quasi-reduction”.

In the following paragraphs, we describe how to merge
adjacent levels of an MD in bottom-up and top-down man-
ners. We do so to show that (1) each MD node Rni re-
sults in a real-valued matrix Rni , and (2) we can avoid an
overwhelming notation by considering MDs with 3 levels
instead of MDs with an arbitrary number of levels, with no
loss of generality.

We first consider merging adjacent levels from the bot-
tom up and show that item (1) holds. Observe that it holds
for nodes at level i = L by definition. At level i < L, Rni is
a block-structured matrix in which each block is defined as
Rni(si, s

′
i) =

∑
ni+1∈Ni+1

rni,ni+1(si, s
′
i)·Rni+1 . In other

words, we replace node references with matrix references
and resolve the formal sum by scalar matrix multiplication
and matrix addition. We can thus merge levels i through L
by replacing nodes Rni with matrices Rni (for all ni ∈ Ni)
and removing all levels i + 1 to L without affecting the ma-
trix that the overall MD represents. Note that the row and
column index sets of Rni will be subsets of (and not neces-
sarily equal to)×L

k=i Sk. Therefore, we need special defin-
itions for the abovementioned operators to resolve the sum.
In particular, consider a ∈ IR, A(SA×S′

A), B(SB×S′
B), and

SA, S′
A, SB, S′

B ⊆ S. We then define the scalar multiplica-
tion of a and A as (a · A)(SA×S′

A)(s, s′) = a · A(s, s′)
for all s ∈ SA and s′ ∈ S′

A. We also define the ma-
trix addition of A and B as C(SA∪SB×S′

A∪S′
B)(s, s′) =

A(s, s′) + B(s, s′) in which we assume, for simplicity of
notation, that A(s, s′) = 0 if s ∈ S\SA or s′ ∈ S\S′

A.
We make a similar assumption for B. Terms in a formal
sum with rni,ni+1(si, s

′
i) = 0 result in a zero matrix and

need not be considered in a summation. Furthermore, Rni

matrices need not be square matrices in general, since Rni

nodes are not necessarily square. For i = 1, we reduce the
number of levels to one and end up with the real-valued ma-
trix R1, which corresponds to the root node R1. It is a flat
representation of the matrix that the original MD represents.
R1 has a nested block structure, and each of its column and
row indices is a subset of ×L

i=1 Si. Therefore, a row or
a column index can be represented as s = (s1, . . . , sL).
When an MD is used to represent the R or the Q matrix
of a CTMC, s = (s1, . . . , sL) is a state of the CTMC, and
we call si a substate of s. Much as levels can be merged
in a bottom-up manner, we can reduce the number of levels
by merging in a top-down manner, i.e., starting at the top
level. For this paper, we need to test an arbitrary level l for
lumpability conditions local to that level. Therefore, it is
natural to merge all levels l + 1, . . . , L into a single level
and all levels 1, . . . , l − 1 into another single level when
1 < l < L. The cases where l = 1 (and l = L) need spe-
cial attention. We first add an artificial level 0 (or L + 1)
to the MD that has a single node of size 1 × 1 consisting

of entry 1, and establish appropriate pointers from level 0
to 1 (or L to L + 1) such that the new MD represents the
same overall matrix. Then, we perform the merging oper-
ations mentioned above. Eventually, the merging leads us
to consider, for most of our discussion and without loss of
generality, an MD of 3 levels and to focus on level 2 for
local lumping purposes instead of considering an MD of L
levels and focusing on level l. Once again, note that the sole
purpose of our merging argument is to simplify the notation
and understanding of the material. The implementation of
the algorithm does not perform any merging operation.
Compositional Lumping. We have shown so far how
an MD can represent the state transition rate matrix of a
CTMC. To discuss lumping conditions according to Theo-
rem 1, we need to augment the CTMC to an MRP by speci-
fying the rewards and the initial probability distribution. In
particular, to discuss local lumping conditions, it is neces-
sary to make rewards and probability distribution decom-
posable. More specifically, r is an arbitrary reward vector
on S, and when we discuss ordinary lumping, we restrict
its representation to r(s) = g(f1(s1), f2(s2), f3(s3)) (i.e.,
a function built upon functions of substates at each level),
in which s = (s1, s2, s3), g : IR3 → IR, f1 : S1 → IR,
f2 : S2 → IR, and f3 : S3 → IR. Likewise, πini is
also an arbitrary initial probability distribution on S, and
when we discuss exact lumping, we restrict its representa-
tion to πini(s) = gπ(fπ,1(s1), fπ,2(s2), fπ,3(s3)), in which
gπ : IR3 → [0, 1], fπ,1 : S1 → IR, fπ,2 : S2 → IR, and
fπ,3 : S3 → IR. To illustrate the flexibility of the repre-
sentation in defining arbitrary initial probability vectors, we
consider a general function hπ : S1 × S2 × S3 → [0, 1].
To represent hπ, one possibility for defining gπ and fπ

is fπ,i(si) = si for i = 1, 2, 3 and gπ(a1, a2, a3) =
hπ(a1, a2, a3) if a1 = s1, a2 = s2, and a3 = s3 and 0
otherwise. As a typical example, consider a πini such that
πini(s0) = 1 for a given initial state s0 ∈ S, and therefore,
πini(s) = 0 for all s �= s0. One possibility for defining
gπ and fπ is the following: fπ,i(si) = 1 if si = s0

i and 0
otherwise, for i = 1, 2, 3, and gπ(a1, a2, a3) =

∏3
i=1 ai.

In the rest of this section, we first present two local
equivalence relations ≈lo and ≈le on the state space of level
2 of an MD. We then prove that lumping level 2 of the MD
with respect to each of those relations results in an MD that
is lumped with respect to (global) equivalence relations ≈go

or ≈ge.

Definition 3. Local equivalences ≈lo and ≈le (and corre-
sponding partitions Plo and Ple) are defined on S2 as fol-
lows:

s2 ≈lo ŝ2 if

f2(s2) = f2(ŝ2) and (1)

∀ n2 ∈ N2, C2 ∈ Plo : Rn2(s2, C2) = Rn2(ŝ2, C2) (2)
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s2 ≈le ŝ2 if

fπ,2(s2) = fπ,2(ŝ2) and (3)

∀ n2 ∈ N2 : Rn2(s2,S2) = Rn2(ŝ2,S2) and (4)

∀ n2 ∈ N2, C2 ∈ Ple : Rn2(C2, s2) = Rn2(C2, ŝ2) (5)
�

In ≈lo and ≈le, the letters l, o, and e stand for local, or-
dinary, and exact, respectively. Note that the symbol “=”
in Eqs. (2), (4), and (5) means equality of matrices (all el-
ements equal), and that the matrices on both sides of each
equality are at most of size |S3|×|S3|. The following propo-
sition states when the equalities in (2), (4), and (5) will hold
in terms of matrix elements.

Proposition 1. Eq. (2) holds iff ∀ n2 ∈ N2, C2 ∈ Plo,
s3, s

′
3 ∈ S3:∑

s′
2∈C2

∑
n3∈N3

rn2,n3(s2, s
′
2)Rn3(s3, s

′
3) =

∑
s′
2∈C2

∑
n3∈N3

rn2,n3(ŝ2, s
′
2)Rn3(s3, s

′
3)

Eq. (4) holds iff ∀ n2 ∈ N2, s3, s
′
3 ∈ S3:∑

s′
2∈S2

∑
n3∈N3

rn2,n3(s2, s
′
2)Rn3(s3, s

′
3) =

∑
s′
2∈S2

∑
n3∈N3

rn2,n3(ŝ2, s
′
2)Rn3(s3, s

′
3)

And Eq. (5) holds iff ∀ n2 ∈ N2, C2 ∈ Ple, s3, s
′
3 ∈ S3:∑

s′
2∈C2

∑
n3∈N3

rn2,n3(s
′
2, s2)Rn3(s3, s

′
3) =

∑
s′
2∈C2

∑
n3∈N3

rn2,n3(s
′
2, ŝ2)Rn3(s3, s

′
3)

�
In Definition 4, we “extend” ≈lo and ≈go to define an-

other pair of equivalence relations ≈go and ≈ge that imply
a partition on S, the state space of the overall MD.

Definition 4. Global equivalences≈go and ≈ge (and corre-
sponding partitions Pgo and Pge) are defined on S for states
s = (s1, s2, s3), ŝ = (ŝ1, ŝ2, ŝ3) ∈ S as
a) s ≈go ŝ if s1 = ŝ1, s2 ≈lo ŝ2, and s3 = ŝ3,
b) s ≈ge ŝ if s1 = ŝ1, s2 ≈le ŝ2, and s3 = ŝ3 �

Notice that for each class C ∈ Pgo (resp. C ∈ Pge)
there is a corresponding class C2 ∈ Plo (C2 ∈ Pgo) such
that C2 = {s2| (s1, s2, s3) ∈ C}. On the other hand, given
s1 and s3 and a class C2 ∈ Plo (C2 ∈ Ple), there is a
corresponding class C ∈ Pgo (C ∈ Pge) such that C =
{(s1, s2, s3)| s2 ∈ C2}.

In Theorems 3 and 4, we prove that ≈go and ≈ge equiv-
alence relations satisfy the ordinary and exact lumpability
conditions on an MD, respectively. That implies that the set
of conditions on the matrices and rewards of one level of an
MD given by ≈lo and extended to the complete MD by ≈go

implies ordinary lumpability on the MD (similarly ≈le and
≈ge for exact lumpability).

Theorem 3. (S,Q, r, πini) is ordinarily lumpable with re-
spect to partition Pgo (and its corresponding equivalence
relation ≈go).

Proof. Based on Theorem 1, we need to prove:

∀ s ≈go ŝ : g(f1(s1), f2(s2), f3(s3)) = (6)

g(f1(ŝ1), f2(ŝ2), f3(ŝ3)) (7)

and ∀ C ∈ P : R(s, C) = R(ŝ, C) (8)

Consider two states s = (s1, s2, s3) ≈go ŝ = (ŝ1, ŝ2, ŝ3).
By Definition 4, we have s1 = ŝ1 and s3 = ŝ3, and by
Definition 3, we know that f2(s2) = f2(ŝ2). Therefore, (6)
holds. To prove (8), we transform the left-hand side of the
equality to its right-hand side, as follows:

R(s, C) =
∑
s′∈C

R(s, s′) =∑
s′∈C

∑
n2∈N2

r1,n2(s1, s
′
1)

∑
n3∈N3

rn2,n3(s2, s
′
2)Rn3(s3, s

′
3)

(by Definition 4) =∑
s′
2∈C2

∑
n2∈N2

r1,n2(s1, s
′
1)

∑
n3∈N3

rn2,n3(s2, s
′
2)Rn3(s3, s

′
3)

(moving the sums) =∑
n2∈N2

r1,n2(s1, s
′
1)

∑
s′
2∈C2

∑
n3∈N3

rn2,n3(s2, s
′
2)Rn3(s3, s

′
3)︸ ︷︷ ︸

A

(A = B by Prop. (1)) =∑
n2∈N2

r1,n2(s1, s
′
1)

∑
s′
2∈C2

∑
n3∈N3

rn2,n3(ŝ2, s
′
2)Rn3(s3, s

′
3)︸ ︷︷ ︸

B

(reverse argument) =
∑
s′∈C

R(ŝ, s′) = R(ŝ, C)
�

Theorem 4. (S,Q, r, πini) is exactly lumpable with re-
spect to partition Pge (and its corresponding equivalence
relation ≈ge).

Proof. Based on Theorem 1, we need to prove:

∀ s ≈ge ŝ : gπ(fπ,1(s1), fπ,2(s2), fπ,3(s3)) =
gπ(fπ,1(ŝ1), fπ,2(ŝ2), fπ,3(ŝ3)) (9)

and R(s,S) = R(ŝ,S) (10)

and ∀ C ∈ P : R(C, s) = R(C, ŝ) (11)
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Equalities (9) and (11) can respectively be proved much like
(6) and (8) in Theorem 3. To prove (10), we use the same
approach that we used in the proof of Theorem 3, but re-
place C with S. In particular,

R(s,S) =
∑
s′∈S

R(s, s′) =
∑

(s′
1,s′

2,s′
3)∈S

∑
n2∈N2[

r1,n2(s1, s
′
1)

∑
n3∈N3

rn2,n3(s2, s
′
2)Rn3(s3, s

′
3)

]
(moving the sums) =

∑
s′
1∈S1

∑
n2∈N2

r1,n2(s1, s
′
1)∑

s′
3∈S3

∑
s′
2∈S2

∑
n3∈N3

rn2,n3(s2, s
′
2)Rn3(s3, s

′
3)︸ ︷︷ ︸

A

(A = B by Prop. (1)) =
∑

s′
1∈S1

∑
n2∈N2

r1,n2(ŝ1, s
′
1)∑

s′
3∈S3

∑
s′
2∈S2

∑
n3∈N3

rn2,n3(ŝ2, s
′
2) Rn3(ŝ3, s

′
3)︸ ︷︷ ︸

B

(reverse argument) =
∑
s′∈S

R(ŝ, s′) = R(ŝ,S)
�

Theorems 3 and 4 ensure the lumpability of an MRP
given a set of sufficient conditions on the lumpability of the
matrices of a specific level of the corresponding MD. The
next natural question is how to efficiently compute the local
lumpable partition Plo or Ple that satisfies the conditions in
those theorems. That question is answered in the following
section.

4 Compositional Lumping Algorithm

We now know, by Theorems 3 and 4, that given a relation
≈lo (≈le) on the states of one level, MRP M is ordinarily
(exactly) lumpable with respect to ≈go (≈ge), which was
derived from ≈lo (≈le). Therefore, the problem of lumping
M is reduced to the computation of ≈lo (≈le). This section
describes an algorithm to compute those relations. Given
an MD with its associated rewards and initial probability
distribution vectors, we run the algorithm for all levels of
the MD, once for each level, to obtain a lumped MRP.

The algorithm we develop is based on the lumping algo-
rithm given in [9]. In [9], an efficient algorithm based on the
partition refinement approach is presented for computing
the optimal (i.e., coarsest) equivalence relation that gives
an ordinary lumping on a CTMC. In this paper, we extend
that algorithm in two ways: (1) to support exact lumpability
and (2) to support conditions given in Definition 3 instead
of Definition 2, as in [9]. The two extensions give us the
machinery we need to compute ≈lo and ≈le.

Extension to Exact Lumpability. Figure 1 shows the
pseudocode for the partition refinement-based lumping al-
gorithm of [9], with the modifications necessary for our
purpose. In particular, (1) without concerning ourselves
with the implementation as in [9], we have rewritten the
algorithm to make it easier to understand, especially when
we make the above extensions; and (2) we support ordi-
nary and exact lumpability by using the function K in the
LUMP and COMPLUMPING procedures and by choosing the
appropriate value for the initial partition P ini. The ways
we choose the appropriate K and compute P ini will be ex-
plained shortly. Detailed information regarding the correct-
ness of LUMP and its running time analysis can be found in
[9].

At the highest level, the LUMP procedure uses COM-
PLUMPING to compute the coarsest lumpable partition for
the CTMC represented by state transition rate matrix R
and state space S starting with initial partition P ini. It then
builds, according to Theorem 2, the state transition rate ma-
trix of the lumped CTMC in lines 3 and 4 for ordinary lump-
ing and in lines 3′ and 4′ for exact lumping.

The main idea of COMPLUMPING is that a given ini-
tial partition P ini is refined repeatedly (lines 3-6) until the
lumpability conditions are satisfied. That is done by refin-
ing partition P (initialized to P ini in line 1) with respect
to a set of potential splitters L. For each splitter C ∈ L,
K(R, s, C) is computed for each state s ∈ S and stored in
vector element sum(s). Then, SPLIT partitions each class
C ∈ P into subclasses according to vector sum.

Function K is the key to generalizing this algorithm. Its
arguments are respectively the state transition rate matrix,
a state index, and a set of state indices. By choosing K
appropriately, we can customize the algorithm to compute
partitions that satisfy a set of desired conditions. The range
of K can be any arbitrary “data type”2 T on which equal-
ity testing is well-defined. Consequently, the elements of
sum are of data type T too. By looking at Theorem 1, we
realize that K(R, s, C) should be set to R(s, C) for ordi-
nary lumping and to R(C, s) for exact lumping. Later on,
we will see how choosing K helps us compute ≈lo and ≈le

using COMPLUMPING.
At each iteration of the for loop of lines 2-7 of SPLIT, D,

which is computed in ADDPAIR, gives the subclasses into
which each class C ∈ P should be partitioned. Formally,
D is a set of pairs such that
1.

⋃
(sum,C′)∈D C′ = C,

2. ∀ (sum1, C
′
1) �= (sum2, C

′
2) ∈ D : sum1 �= sum2 ⇒

C′
1 ∩ C′

2 = ∅, and
3. ∀ (sum, C′) ∈ D, i ∈ C′ : C′ �= ∅,
sum is of data type T , and sum[i] = sum.

2We do not formally introduce data types here because we do not be-
lieve it would improve the readability of the paper. A concept of data types
similar to that in the C language suffices for our discussion.
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LUMP(R,S ,P ini)
1 P := COMPLUMPING(R,S ,P ini)
2 for each ĩ, j̃ ∈ {1, . . . , |P|}, ĩ �= j̃
3 s := arbitrary element of Cĩ ∈ P
4 �R(̃i, j̃) = K(R, s,Cj̃)

3′ s := arbitrary element of Cj̃ ∈ P
4′

�R(̃i, j̃) = K(R, s,Cĩ)

5 return �R
(a) Main procedure

COMPLUMPING(R,S ,P ini)
1 P := P ini ; L := P ini

2 while L �= ∅
3 C := POP(L)
4 for each s ∈ S
5 sum(s) := K(R, s, C)
6 SPLIT(P ,L)
7 return P

(b) Computes coarsest lumpable partition us-
ing function K

SPLIT(P ,L)
1 D := ∅
2 for each C ∈ P
3 for each s ∈ C
4 ADDPAIR(D,s)
5 P := P − C
6 for each pair (sum, C′) ∈ D
7 P := P ∪ C′ ; L := L ∪ C′

(c) SPLIT procedure

Figure 1. Algorithm for computing ordinarily and exactly lumpable partitions for a single matrix R

The definition of D requires equality to be well-defined on
data type T , as we mentioned above. D is built in lines 3-4
of SPLIT. In lines 5-7, each class C ∈ P is replaced with
subclasses taken from the second components of elements
of D. Those subclasses are also added to the set of potential
splitters L so that COMPLUMPING will work correctly. P ini

is computed with respect to ordinary or exact lumpability.
For ordinary lumpability, two states i and j are in the same
equivalence class of P ini iff r(i) = r(j) (Theorem 1(a)).
For exact lumpability, two states i and j are in the same
equivalence class of P ini iff πini(i) = πini(j) and R(i,S) =
R(j,S) (Theorem 1(b)).

ADDPAIR(D, s)
1 for each pair (sum, C′) ∈ D
2 if sum = sum(s) then C′ := C′ ∪ {s} ; return
3 D := D ∪ {(sum(s), {s})}

Figure 2. AddPair procedure

Extension to ≈lo and ≈le. Computation of ≈lo and ≈le

equivalence relations using the COMPLUMPING procedure
requires the choice of an appropriate K function that takes
Definition 3 into consideration. The first obvious way to
make K(Rn2 , s2, C2) satisfy Eqs. (2) and (5) is to set
K(Rn2 , s2, C2) to Rn2(s2, C2) for ordinary lumpability
and to Rn2(C2, s2) for exact lumpability, when we apply
COMPLUMPING to Rn2 .

Therefore, data type T is the set of matrices of size at
most |S3| × |S3|. Considering the fact that level 3 of the
MD is built through merging of at most L − 1 levels of
the original MD, the computation of function K and equal-
ity testing for T are prohibitively time-consuming for levels
i < L. Therefore, we do not follow that approach.

The other choice is to have K compute a formal sum
represented as a set of (coefficient, node index) pairs. Note

that for any node Rn2 ,

Rn2(s2, C2) =
∑

s′
2∈C2

∑
n3∈N3

rn2,n3(s2, s
′
2) ·Rn3 =

∑
n3∈N3

 ∑
s′
2∈C2

rn2,n3(s2, s
′
2)


︸ ︷︷ ︸

=rn2,n3(s2,C2)

·Rn3 , (12)

which implies Rn2(s2, C2) = Rn2(ŝ2, C2) if ∀ n3 ∈ N3 :
rn2,n3(s2, C2) = rn2,n3(ŝ2, C2). A similar formulation
holds for Rn2(C2, s2). The condition is only sufficient
since (1) a weighted sum of matrices may be equal even if
the individual terms differ, and (2) Rni = Rn′

i
⇔ ni = n′

i

does not necessarily hold for an arbitrary MD. Canonical
MDs [15] are a particular subclass of MDs in which the
expression is true; Rni is uniquely represented by ni. Nev-
ertheless, efficiency of MDs is based on sharing of equal
nodes, so one can expect that having two nodes Rni and
Rn′

i
that represent the same matrix Rni = Rn′

i
is uncom-

mon in MDs.
Based on the above observation, we can localize the

comparison at level 2 and set K(Rn2 , s2, C2)

=
{ {(rn2,n3(s2, C2), n3)| n3 ∈ N3} ordinary lumping

{(rn2,n3(C2, s2), n3)| n3 ∈ N3} exact lumping
which is a set representation of the formal sum∑

n3∈N3
rn2,n3(s2, C2) · Rn3 or

∑
n3∈N3

rn2,n3(C2, s2) ·
Rn3 with references to nodes Rn3 , and not to matrices
Rn3 . Two formal sums are equal if their corresponding sets
are equal. That means that the algorithm is applied locally
only at nodes in N2 of size |S2| × |S2| and not at matrices
of size at most |S3| × |S3|.

Using local lumpability conditions for a level that are
only sufficient (instead of both sufficient and necessary)
leads to an improved time complexity for the algorithm,
but also prevents the algorithm from generating the coarsest
possible lumpable partition for that level. That means there
is a trade-off between time complexity and coarseness of
the computed partition when the algorithm is used on an L-
level MD. We have so far shown how to compute a partition
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that satisfies Eqs. (1) and (4) of Definition 3 for one node
of the matrix. The last step in computing Plo and Ple is to
find a partition that satisfies those equations for all nodes
of level 2. COMPLUMPINGLEVEL in Figure 3(a) computes
such a partition by fixed-point iteration. More specifically,
it applies the COMPLUMPING algorithm repeatedly to all
nodes in level i until they are all lumpable with respect to
the computed partition P .

COMPLUMPINGLEVEL(P ini, i)
1 P := P ini

2 repeat
3 P ′ := P
4 for each ni ∈ Ni

5 P ′ := COMPLUMPING(Rni,Si,P ′)
6 until P = P ′

7 return P
(a) Computes lumpable partition for level i

COMPOSITIONALLUMP

1 for i := 1 to L
2 Compute P ini

i

3 Pi = COMPLUMPINGLEVEL(P ini
i , i)

4 for each ni ∈ Ni

5 �Rni := LUMP(Rni ,Si,Pi)
6 Replace Rni with �Rni in MD
7 Compute lumped version of rewards

and initial probabilities at level i
(b) Main algorithm

Figure 3. Compositional lumping algorithm
for an MD

Overall Algorithm. The final step of our algorithm for
lumping an MD is to use COMPLUMPINGLEVEL to com-
pute lumpable partitions for each level starting from an ini-
tial partition (lines 2-3 of Figure3(b)), lump every node with
respect to the partition corresponding to its level (line 5), re-
place each node with its lumped version (line 6), and finally,
compute π̃ini and r̃ (line 7).

Line 2 computes the initial partition for level i based
on whether we are computing ordinary lumping or exact
lumping. In fact, P ini

i is the coarsest partition on Si

such that ∀ C ∈ P ini
i , si, s

′
i ∈ C, ni ∈ Ni, ni+1 ∈ Ni+1:

ordinary lumping: fi(si) = fi(s′i)
exact lumping: fπ,i(si) = fπ,i(s′i) and

rni,ni+1(si,Si) = rni,ni+1(s′i,Si)
The overall algorithm is implemented in the Möbius tool [7]
and the implementation is integrated in the symbolic state-
space generator (SSG) [10].

5 Example

We consider a tandem multi-processor system with load-
balancing and failure and repair operations that consists of
two subsystems: MSMQ and hypercube. Each subsystem

has a number of servers, an input pool of jobs that are wait-
ing to be serviced, and an output pool of jobs that have al-
ready been serviced by a server in the subsystem. Each sub-
system takes jobs from its input pool, processes them using
its servers and passes them to its output pool. Each of the
two subsystems interacts with the other by sharing its out-
put pool with the input pool of the other. In other words,
jobs in one subsystem enter the input pool of the other upon
completion of service. The system is closed in the sense
that there is always a constant number J of jobs in it.

The first subsystem is an MSMQ (Multi-Server Multi-
Queue) polling-based queuing system with 3 identical
servers and 4 identical queues, as described in [14]. Fig. 4
shows a high-level view of the cyclic arrangement of the
queues and also shows how each of the 3 servers moves
from one queue to the next after a waiting time that is an
exponentially distributed random variable with a constant
rate. Upon entering a queue, a server polls the queue. If
there is no job waiting for service, it goes to the next queue
after some waiting time. Otherwise, it gives service to one
job in the queue and waits to be transferred to the next one.
The MSMQ subsystem distributes the jobs from its input
pool to each of the 4 queues with equal probability. After
being served, each job is transferred to the hypercube sub-
system’s input pool. More details on the MSMQ subsystem
can be found in [14].

input pool

server
wait

server
wait

server
wait

server
wait

three
servers

queue1 queue2 queue3 queue4

��
��
��
��
��
��
��
��

��
��
��
��

�
�
�

�
�
�

�
�
�
�
��
��
��

��
��
��

Figure 4. MSMQ subsystem

The hypercube subsystem consists of 8 cube-connected
servers (Fig. 5). All the servers have the same behavior
(given they are in the same state) except for two servers A
and A′. A and A′ have the same behavior as each other but
are special (with respect to the other hypercube servers) in
that they receive jobs from the input pool as described later.
Servers in the hypercube can fail, and are repaired by a sin-
gle repair facility that picks servers to repair uniformly from
the pool of failed servers3. A failed server keeps its jobs in
its queue unless they are transferred to a neighbor server by
the load-balancing scheme described below. The subsys-

3Failure and repair behaviors of the subsystem are not shown in Fig. 5.
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tem is considered unavailable when two or more servers are
down.

Each server has a queue with capacity J . Jobs en-
ter the servers’ queues by a dispatcher that picks a job
from the subsystem’s input pool and assigns it to either
server A or server A′ with a probability distribution that
favors the server that has fewer jobs in its queue. Another
load-balancing scheme that governs the distribution of jobs
among the servers is that whenever a server has > 1 more
jobs than any of its neighbors, it sends one of its jobs to
one of those neighbors, again assigning higher probability
to servers with fewer jobs. That is how jobs are distributed
among all servers. Finally, if a server fails, it transfers jobs
in its queue one by one, with an exponentially distributed
delay, to a neighbor server that is not down.

pool

load−balancing
job dispatcher

A

A’

input

Figure 5. Hypercube subsystem

We used the Möbius tool [7] to model each of the subsys-
tems using the stochastic activity network formalism [19].
Then, we composed the models by sharing their input and
output pools via the Join operator in the Rep/Join composed
model editor. Our implementation of the symbolic SSG
[10] automatically partitions the set of places of the com-
plete model and assigns each block of the partition to one
level of the MD as follows: (1) common places of the two
submodels, i.e., input and output pools, (2) places of the hy-
percube submodel minus those in level 1, and (3) places of
the MSMQ submodel minus those in level 1.
Performance Results. All experiments were conducted us-
ing an Athlon XP2400 machine with 1.5 GB of main mem-
ory running Linux OS. The implementation was based on
Möbius version 1.6.0 and was compiled with the gcc 3.3
compiler with the -O3 optimization option.

Table 1 shows information about the MD representation
of the original (i.e., unlumped) and lumped CTMC of the
tandem multi-processor system for different values of J .
More specifically, the upper table shows the state-space size
for each level and for the complete model and the number of
MD nodes in each level. The middle table shows the lumped
state-space size for each level and for the complete model
and the state-space reduction we gain from the composi-
tional lumping algorithm for each level and for the complete
model. Notice that the number of nodes in each level of the
lumped and unlumped MC is the same because the com-
positional lumping algorithm only replaces each MD node

J unlumped SS sizes # of MD nodes
overall S1 S2 S3 N1 N2 N3

1 22100 2 650 160 1 3 3
2 197600 3 3575 700 1 5 4
3 1236300 4 14300 2220 1 7 5

J lumped SS sizes reduction in SS

overall S̃1 S̃2 S̃3 overall l2 l3
1 395 2 30 40 55.9 21.7 4
2 4075 3 178 175 48.4 20.4 4
3 28090 4 803 555 44 17.8 4

J unlumped SS lumped SS
gen time MD space lump time MD space

1 0.05 s 53.9 KB 0.04 s 4.7 KB
2 0.80 s 421.0 KB 0.26 s 36.0 KB
3 12.10 s 2230.0 KB 1.80 s 201.0 KB

Table 1. Specifications of MD representation
of tandem system’s CTMC

with a possibly smaller one and does not create or delete any
node. In the middle part of the table, l2 and l3 refer to the
second and third levels of the MD. The state-space reduc-
tion for level 1 is not shown in the table because it is always
1. Finally, the lower table gives computation times in sec-
onds for the symbolic state-space generation and lumping
algorithm as well as memory use of the MDs of the un-
lumped and lumped MC in kilobytes.

We observe in Table 1 that the compositional lumping
algorithm reduces the state-space size of the overall model
to roughly 1/40 to 1/50 of its original value, and that is
roughly equal to the product of the reductions in state space
for all the levels. The equivalently behaving sets of servers,
that is, (1) the three servers of the MSMQ subsystem, (2)
servers A and A′ in the hypercube, and (3) the other 6
servers in the hypercube, are the source of the lumpability
found by our compositional lumping algorithm.

As mentioned before, our algorithm does not necessarily
generate the smallest possible lumped CTMC (or its MD
representation), because it is applied locally at each level of
the MD and does not have a global view of the CTMC rep-
resented by the MD. In other words, the resulting lumped
CTMC could possibly be lumped to a smaller CTMC by
a state-level lumping algorithm that has a flat (i.e., global)
view of the CTMC. Obviously, in the worst case, none of the
levels of the MD satisfy the lumpability conditions for any
non-trivial partition (partitions with more than one class),
so that our lumping algorithm cannot reduce the size of
the state space. For the given example, we verified that
our compositional algorithm generates the smallest lumped
CTMC possible. We did that by running the compositional
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algorithm result through our implementation of the state-
level lumping algorithm [9].

Generally, the reduction in state-space size has two ma-
jor effects on the efficiency of iterative numerical solution
algorithms that compute measures of CTMCs: it reduces
both the space and time requirements for such algorithms.
Reduction in the size of the state space affects space require-
ments in two ways. First, it makes the MD representation
of the CTMC smaller. In our example, the memory require-
ment for the MD has been reduced by around an order of
magnitude for all values of J . Second, and more impor-
tantly, it reduces the size of the solution vector; in our ex-
ample, the vector was reduced to no more than 1/40 of its
original size. Therefore, the advantage of using our compo-
sitional lumping algorithm is that we can solve larger mod-
els than would be possible using only symbolic techniques;
for our example, we solved models that are one or two or-
ders of magnitude larger. Reduction in the state space also
results in a roughly proportionate reduction in the amount
of time spent for each iteration of the numerical solution
algorithm. It is important to realize that all the benefits
in terms of time and space requirements described above
are achieved through an efficient algorithm in an amount of
time that is negligible compared to the time needed for nu-
merical analysis, and that is, for our example, considerably
less than the time needed for state-space generation.

6 Conclusion

In this paper, we presented theoretical results, algo-
rithms, implementation, and results from exercising an ap-
plication example for the compositional lumping of CTMCs
that are represented as an MD. The main point is that
nodes of each level are reduced separately from those of
other levels, i.e., based on local conditions. Unlike previ-
ous compositional lumping algorithms that were formalism-
dependent, our algorithm is applicable on any MD, and
thus, on any formalism that uses MDs for its CTMC rep-
resentation. We consider ordinary as well as exact lumpa-
bility.
Acknowledgments We thank Jenny Applequist and several
referees for their valuable remarks.
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